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Abstract 
Non-probability samples are a topic of growing relevance in academic and applied research as well as 
national statistical institutes. This deliverable discusses the major statistical challenges that arise when using 
non-probability samples, as well as methodological advances for improving the reliability of results and 
conclusions that are obtained from such samples.  
 
The deliverable focusses on model- as well as pseudo-design-based strategies as well as potential 
combinations of both. Particular attention is paid to the use of non-probability samples in small area 
estimation. 
 
The practical relevance, potentials and pitfalls of these methods are highlighted in different case studies. 
These empirical studies encompass Monte-Carlo simulations as well as real-life applications of non-
probability sampling. 
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1 Issues and Challenges when Dealing with Non-probability
Samples

1.1 The Growing Relevance of Non-probability Samples

Simon Lenau and Ralf Münnich

Trier University

Probability sampling constitutes a gold standard for obtaining reliable information from

survey samples. It allows the construction of various unbiased estimators that can be rea-

sonably generalized to a finite population by using variance estimates, confidence intervals

and statistical tests. By relying on the known and controlled sample selection mechanism,

these estimators can be derived for arbitrary variables of interest, without making any

assumptions about their distribution (cf. e.g. Breidt and Opsomer, 2017; Kalton, 1983;

Lenau, 2021). A more formal discussion on the merits and designs of probability sampling

is, for example, provided by Fuller (2009) as well as Särndal, Swensson, and Wretman

(1992).

Yet, probability sampling is not an imperative in all occasions.

“ Great advances of the most successful sciences – astronomy, physics, chem-

istry – were, and are, achieved without probability sampling. [. . .] Probabil-

ity sampling for randomization is not a dogma, but a strategy, especially for

large numbers.”

(Kish, 1965, pp. 28 sq.)

Even in fields strongly devoted to probability sampling, researchers often cannot rely on

its randomization. This may be the case due to ethical reasons, e.g. when studying

certain medical conditions and treatments (cf. Cochran and Chambers, 1965; Mercer et

al., 2017), or due to the lack of a valid sampling frame to select elements from (cf. Citro,

2014). Furthermore, reasons of cost and timeliness often lead researchers to rely on non-

probability samples (cf. e.g. Rubin, 1974; Särndal, Swensson, and Wretman, 1992).

Especially in the recent decade, non-probability samples are increasingly being used to

produce statistical estimates. This trend is due to the expansion of digitalization and

resulting availability of alternative data sources such as Big Data and web surveys, which

typically constitute cases of non-probability sampling. Because the term ’non-probability

sampling’ is merely a differentiation to probability sampling, it subsumes manifold selec-

tion mechanisms. These mechanisms may not have much in common, but all of them

violate the well-established principles that allow for reliable estimation and inference in

case of probability sampling. The accuracy of non-probability samples is, therefore, often

questionable, an issue which cannot even be compensated by the immense volume of Big
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Data. “Compensating for quality with quantity is a doomed game” (Meng, 2018, p. 695).

As a consequence, the use of non-probability samples for producing statistical estimates

raises various methodological challenges (cf. e.g. Baker et al., 2013b; European Statistical

System, 2014; Lenau, 2021; National Research Council of the United States, 2013; Shlomo

and Goldstein, 2015; United Nations, 2014). This deliverable addresses these challenges

and provides an overview of approaches that may be used to overcome them.

1.2 Statistical Challenges With Non-probability Samples

Simon Lenau and Ralf Münnich

Trier University

Referring to the established definition of probability sampling, non-probability sampling

occurs if the sample selection is such that if meets one or two of the following properties:

1. the probability of at least some possible samples are unknown resulting in unidenti-

fiable inclusion probabilities, and/or

2. the target population is not fully covered, resulting in inclusion probabilities that

are zero for some elements in this population.

To define these properties more formally and introduce the notation used throughout the

following chapter 2, a non-probability sample is characterized by a vector of inclusion

indicators rnps =
[
rnps1 , . . . , rnpsN

]T
. Its elements

rnpsi := I (i ∈ Snps) =

 1 , if i ∈ Snps

0 else
(1.1)

indicate whether element i is in the sample for all elements in the population of size N. In

equation 1.1 Snps is the set of elements that constitute the non-probability sample. The

main purpose of selecting and surveying a sample is to perform estimation. The target

variables for which some quantities of interest are to be estimated are denoted by the

matrix

Y =


y11 . . . y1o
...

. . .
...

yN1 . . . yNo

 , (1.2)

where yi· =
[
yi1 . . . yio

]
represents the o target variables associated with each element

i in the population. This whole matrix is typically unknown, which is why a sample is

selected and surveyed. In this case the sub-matrix of Y that corresponds to the elements

in the non-probability sample is observed. It is denoted by

Y s := Y Ss· , (1.3)

denoting by Y Ss· the rows of Y indexed by Ss. Many common estimation strategies

furthermore use some sort of auxiliary variables. Similarly as in equation 1.2, these are
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denoted by

X =


x11 . . . x1p
...

. . .
...

xN1 . . . xNp

 . (1.4)

In most typical cases, some sort of information outside the sample is assumed to be avail-

able for these variables. For example, this may be information about a socio-demographic

variable’s frequency in the target population. In analogy to complex probability sampling

designs, a third group of variables are the (pseudo-)design variables

Z =


z11 . . . z1q
...

. . .
...

zN1 . . . zNq

 (1.5)

These variables determine the sample selection and have a direct impact on the inclusion

probabilities. In probability sampling, common examples for such variables include iden-

tifiers used for stratification or clustering as well as variables used for unequal probability

sampling. In correspondence to equation 1.3, Xnps and Znps denote the sub-matrices of

X and Z observed in the non-probability sample (cf. e.g. Fuller, 2009; Kish, 1965; Lenau,

2021; Särndal, Swensson, and Wretman, 1992).

Using Bayes’ theorem, the unknown population density fY (yi·) of the variables of interest

is

fY (yi·) =
P
(
rnpsi = 1

)
P
(
rnpsi = 1

∣∣yi· ) · fY (yi· ∣∣ rnpsi = 1
)

, (1.6)

denoting by fY
(
yi·
∣∣ rnpsi = 1

)
the observed density of Y in the non-probability sam-

ple. In classical probability sampling, particular and known selection strategies are used

to control P
(
rnpsi = 1

∣∣yi· ) and P
(
rnpsi = 1

)
= E

(
P
(
rnpsi = 1

∣∣yi· )). This provides a

known and well-defined link between the observed density fY
(
yi·
∣∣ rnpsi = 1

)
and the un-

known density of interest fY (yi·). In non-probability sampling, however, the sample

selection process does not allow to establish such a straightforward link to account for

P
(
rnpsi = 1

)/
P
(
rnpsi = 1

∣∣yi· ) , because P
(
rnpsi = 1

∣∣yi· ) is either unknown and/or zero

due to the above definition of non-probability sampling. Methods that allow for unbi-

ased estimation and valid inference in classical probability sampling are, therefore, not

straightforwardly applicable for non-probability samples (cf. Lenau, 2021; Pfeffermann

and Sverchkov, 1999; Pfeffermann, 2011; Smith, 1983).

Despite these issues, non-probability samples are of increasing relevance in research and

official statistics. Especially new digital data sources provide information in situations

where adequate probability samples neither available nor realizable due to constraints in

terms of precision, cost and/or timeliness. Therefore, a non-probability sample can provide

useful information that is not available from a probability sample (cf. Buelens, Burger,

and van den Brakel, 2018; Dever, Rafferty, and Valliant, 2008; Japec et al., 2015; Yang

and Kim, 2018).
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Figure 1.1: Schematic representation of information in a probability and a non-probability
sample; source: Lenau (2021)

To illustrate these considerations, a schematic comparison of the available information

in a non-probability and a probability sample is provided in figure 1.1. The advantage

of probability sampling is that the effect of any variables on sample selection is known.

Inclusion probabilities can, therefore, be obtained and are strictly positive. This is an

fundamental requirement for using design weights to compensate for the sample selection

process in arbitrary probability samples (cf. section 2.2). In contrast, it is usually even

unclear which variables influence the selection process in non-probability sampling. In

some cases, it may be possible to make some assumptions about these variables, usually

when using some form of auxiliary information (e.g. the probability sample in figure 1.1).

Inclusion probabilities and design weights are therefore hardly obtainable and cannot be

used to account for sample selection. Nevertheless, at least some information about the

target variables is considered to be available only from the non-probability sample. The

following chapters present and evaluate different strategies that might be applied to tackle

these difficulties.
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2 Methods for Estimation from Non-probability samples

The previous chapter 1.2 motivates the use of non-probability samples for statistical es-

timation and introduces the challenges that occur in this context. The current chapter 2

deals with the two overarching paradigms underlying the methodological approaches for

dealing with these challenges of non-probability samples.

The core ideas in both frameworks are illustrated by the schematic representation in figure

2.1. The model-based paradigm aims at using the non-probability sample to fit a prediction

model for the variables of interest. This model is then used to carry out estimation and

inference. This strategy is most commonly implemented by predicting the variables of

interest for an auxiliary data set or the population, which is referred to as ‘mass imputation’

(e.g. Ber ↪esewicz, 2016, p. 79; Kim et al., 2018, p. 1). In contrast, the pseudo-design based

paradigm interprets non-probability samples in the framework of probability sampling.

Methods in this context aim at obtaining substitutes for the unknown or undefined design

weights. These substitutes are therefore called pseudo-design weights, and typically derived

from the auxiliary and/or the assumed design variables X and Z. Using these weights, the

non-probability sample is then treated as if it was a probability sample with corresponding

design weights. Although the model- and the pseudo-design based are often considered

as mutually exclusive, there are some inclusive proposals to combine methods from both

frameworks which attempt to integrate their desirable properties (cf. e.g. Baker et al.,

2013a; Beaumont, 2000; Buelens, Burger, and van den Brakel, 2018; Elliott and Valliant,

2017; Gelman et al., 2016; Japec et al., 2015; Kim et al., 2018; Lenau, 2021; Pfeffermann

and Sikov, 2011; Valliant and Dever, 2011; Wang et al., 2015; Yang and Kim, 2018; Rafei,

Flannagan, and Elliott, 2020).

The following section summarize model- as well as pseudo-design based ideas for estimation

from non-probability samples. Potential combinations of both paradigms are discussed

afterwards, followed by methodological considerations for using non-probability sample

data particularly for small area estimation.

2.1 Model-based Approaches for Non-probability Samples: Mass Imputation

Simon Lenau and Ralf Münnich

Trier University

To account for non-probability sample selection processes (cf. section 1.2), the model-

based approach for estimation from non-probability samples relies on the fact that under

conditional independence

(Y ⊥⊥ rnps) |X , (2.1)

8



Probability sample
(ps)

Non–probability sample
(nps)

wps
1
...
wps
n

?

zps11 · · · zps1p
...

. . .
...

zpsnps1 · · · zpsnpsp

znps11 · · · znps1p
...

. . .
...

znpsnnps1 · · · znpsnnpsp

xps11 · · · xps1p
...

. . .
...

xpsnps1 · · · xpsnpsp

xnps11 · · · xnps1p
...

. . .
...

xnpsnnps1 · · · xnpsnnpsp

?

ynps11 · · · ynps1p
...

. . .
...

ynpsnnps1 · · · ynpsnnpsp

w X YZ

D
at
a
so
ur
ce

D
es
ig
n
we
ig
ht
s

A
ux
ili
ar
y
va
ria
bl
es

Ta
rg
et
va
ria
bl
es

(A
ss
um
ed
)
de
sig
n

va
ria
bl
es

Pseudo-design-based approaches Model–based approaches

Figure 2.1: Schematic representation of estimation approaches for non-probability samples;
source: Lenau (2021)

it holds that

P
(
rnpsi = 1

∣∣xi·,yi· ) = P
(
rnpsi = 1

∣∣xi· ) (2.2)

(cf. Dawid, 1979). In analogy to equality 1.6, the conditional distribution of Y given X

in the population is given by

fY (yi· |xi· ) =
P
(
rnpsi = 1

∣∣xi· )
P
(
rnpsi = 1

∣∣xi·,yi· ) · fY (yi· ∣∣xi·, rnpsi = 1
)

. (2.3)

Using assumption 2.1, equality 2.3, implies that fY (yi· |xi· ) = fY
(
yi·
∣∣xi·, rnpsi = 1

)
,

such that an unbiased estimate for fY (yi· |xj· ) can be obtained from the non-probability

sample nps if it holds that P
(
rnpsi = 1

∣∣xi· ) > 0 for all xi·. In the model-based framework,

a model is used to represent fY (yi· |xj· ) or its relevant characteristics, e.g. the conditional
mean E (yi· |xj· ). When the density fX (xj·) of X is known for the population, the

unconditional distribution of Y (or its relevant characteristics) can then be obtained from

the model by integrating out all X-variables:

fY (yi·) =

∫
fY (yi· |xj· ) · fX (xj·) dxj· . (2.4)

The same argument applies when using an unbiased estimate for fX (xj·), which can e.g.

be obtained from a auxiliary probability sample (cf. figure 2.1; Lenau, 2021; Pfeffermann,

2011; Smith, 1983).
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A common way to implement model-based methods is by fitting a prediction model to

the non-probability sample and using the model to predict unobserved values of Y in the

auxiliary sample (which may encompass the whole population). For a general sample s,

model predictions are defined by

Ŷ
s
=
[
ŷs
·1 . . . ŷs

·o

]
:= m (Xs,Θ) , (2.5)

where the model m is a function of independent variables Xs and model parameters Θ.

Once these parameters are determined from the non-probability sample, it is possible to

obtain predictions for auxiliary samples where Y is not observed since actual observations

are required only for determining the parameters. Because this approach is often used to

imputate entire variables, it is called ‘mass imputation’ (e.g. Ber ↪esewicz, 2016; Kim et al.,

2018).

As the most commonly applied models in this framework, matching as well as generalized

linear and additive models are introduced in the following sections.

2.1.1 Sample Matching

From equations 2.1 to 2.3, it is evident that the conditional distribution of Y given X is

the same in the sample as in the population if conditional independence holds:

(Y ⊥⊥ rnps) |X ⇒ fY nps (yi· |xi· ) = fY (yi· |xi· ) . (2.6)

In this case, identicalX-values imply coinciding distributions for Y of observations in- and

outside the non-probability sample. Consequently, the distribution of unobserved values

Y in the reference data set can be approximated using the observed values Y nps in the

non-probability sample that exhibit coinciding values in X (cf. Lenau, 2021; Rosenbaum

and Rubin, 1983).

To predict ys
i· for each unit i ∈ Ss in a data set Ss, a set J (i) ⊆ Snps of elements in the

non-probability sample Snps is matched to each unit i. In case of exact matching, this set

is defined by

J (i) := {j : xi· = xj· ∧ j ∈ Snps} . (2.7)

However, it is often not feasible to find identical matches for which it holds that xi· = xj·

because a growing number of matching variables X as well as a larger variety of possible

values for each of these variables tremendously increase the possible realizations for xi·

and xj· (cf. Cochran, Moses, and Mosteller, 1983; Rosenbaum and Rubin, 1983). As a

consequence, exact matching is often replaced by forms of nearest neighbor matching, in

which case it holds that xi· ≈ xj· rather than xi· = xj·. In any case, the conditional

distribution of Y is estimated using these matched observations to evaluate equality 2.6:

f̂Y (yi· |xi· ) = fY

(
yj·

∣∣∣ j ∈ J (i)
)

(2.8)
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(cf. e.g. Cochran, 1968; Diamond and Sekhon, 2013; Hastie, Tibshirani, and Friedman,

2008; Okner, 1972; Rosenbaum and Rubin, 1983). Estimation with regard to Y can then

be based on this estimate f̂Y (yi· |xi· ), and predictions can e.g. be obtained by deriving

the conditional expectation from this distribution (cf. equalities 2.4 and 2.5).

Yet, matching to predict values or estimate the distribution of Y outside the non-probability

sample has several drawbacks. On the one hand, results for matching become worse when

the number of matching variables increases because close similarity is less achievable in

higher dimensions. On the other hand, the resulting predictions are locally constant func-

tions, and therefore rather unstable. These limitations can be overcome by models which

employ stronger structural assumptions, which are more common especially for predic-

tion tasks (cf. Hastie, Tibshirani, and Friedman, 2008). The presumably most important

example of such models are generalized linear or additive regression models, which are

outlined in the following section 2.1.2.

2.1.2 Generalized Linear and Additive Models

Generalized linear regression models are introduced by Nelder and Wedderburn (1972).

In the typical cases of these models, the core assumptions are that the N-dimensional

distribution of y·j in the population belongs to the exponential family, and that the vector

of conditional expectations µ = E
(
y·j
∣∣X )

∈ RN for all elements in this population can

be expressed a function of the systematic component η ∈ RN:

l
(
E
(
y·j
∣∣X ))

= η , (2.9)

where l is a smooth and invertible link function. The systematic component η describes

the influence of X on the expected value of Y . In generalized linear models (GLMs), it is

defined by

η = η (β) := Xβ , (2.10)

denoting by β a vector of regression coefficients. The name of these models is due to the

fact that definition 2.10 is linear in X.

In contrast, generalized additive models (GAMs) typically rely on the more general defi-

nition

η :=
h∑
j=1

tj
(
Xt
)
= t

(
Xt
)

, (2.11)

which is their sole difference to GLMs. In definition 2.11, the overall transformation t is

a sum of smooth component transformations t1, . . . , th, one of which can constitute an

intercept. Although this is not necessary, most forms of GAMs assume that the trans-

formation is fully parametrizable, i.e. completely described by a vector of transformation

parameters κ. In this case, we have

η = η (κ) := t
(
Xt,κ

)
. (2.12)
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For example, κ may be the combination of spline knots and regression coefficients (cf.

e.g. de Boor, 1978). Note that definition 2.10 is a special case of 2.12 for which it

holds that κ = β and t
(
Xt,β

)
= Xβ. Regardless of whether a GLM or a GAM is

applied, the (more general) vector of parameters κ is most commonly estimated by means

of Maximum-Likelihood estimation. Fisher-Scoring or Newton-Raphson algorithms are

typically applied for this purpose. These approaches determine κ by iteratively solving

linear approximations of the optimality conditions until the parameters converge (cf. Buja,

Hastie, and Tibshirani, 1989; Green, 1984; Hastie and Tibshirani, 1986; Jørgensen, 1984;

Lenau, 2021; McCullagh and Nelder, 1989; Wood, 2017; Venables and Ripley, 2002).

2.2 Pseudo-design-based Approaches for Non-probability Samples: Weighting

Simon Lenau and Ralf Münnich

Trier University

In classical design-based estimation for probability samples, a sampling process that is

related to the variables of interest Y is accounted for by using design weights (cf. e.g.

Pfeffermann and Sverchkov, 1999; Särndal, Swensson, and Wretman, 1992). Due to at

least partially unknown sample selection mechanisms, such design-weights are not available

for non-probability samples. This constitutes a major issue for estimation in this context

(cf. section 1.2). Adapting the ideas of design weighting to account for the sampling

process, pseudo-design-based methods generate surrogate weights, which are referred to

as pseudo-design weights and denoted by w̃ (cf. figures 1.1 and 2.1).

Two main ideas to construct these weights can be distinguished. Propensity weighting

approximates the component P
(
rnpsi = 1

)/
P
(
rnpsi = 1

∣∣yi· ) of equality 1.6 by expressing

P
(
rnpsi = 1

∣∣yi· ) as a function of auxiliary variables, typically in a statistical or machine

learning model. In contrast, calibration weighting determines weights based on constraints

that can enforce (some) conformity in sample and population density of the auxiliary

variables, assuming that this increases the conformity for the target variables as well (cf.

Buelens, Burger, and van den Brakel, 2018; Dever, Rafferty, and Valliant, 2008; Lenau,

2021; Valliant and Dever, 2011).

2.2.1 Propensity Weighting

The use of propensity weighting is motivated by equality 2.2. Assuming conditional inde-

pendence in the form

(Y ⊥⊥ rnps) |Z , (2.13)

it follows that

pnpsi = P
(
rnpsi = 1

∣∣ zi· ) = P
(
rnpsi = 1

∣∣yi·, zi· ) (2.14)

(cf. equalities 2.1 and 2.2; Dawid, 1979). The conditional probability denoted by pnpsi

is called a propensity score. Under equality 2.14, unbiased linear estimators for non-

probability samples can be obtained through weighting by the inverse of such propensities

in analogy to the Horvitz-Thompson estimator if pnpsi > 0 for all zi· (cf. Horvitz and
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Thompson, 1952; Imbens, 2000):

E

( ∑
i∈Snps

1

pnpsi

· yi·

)
=
∑
i∈SP

yi· , (2.15)

where Snps is the non-probability sample and SP is the population. Yet, the true propensity

scores are usually unknown, such that it is necessary to rely on a model to estimate them

(cf. Rosenbaum and Rubin, 1983). In this setting, pnps is obtained as predictions from a

response model m that is assumed to describe the non-probability sample selection process,

such that

p̂npsi = P̂
(
rnpsi = 1

∣∣ zi·) := m (zi·,Θ) . (2.16)

In most cases, m is a generalized linear (logit) model described in section 2.1.2 is used to

calculate pnps, but additive and machine learning models are increasingly applied as well.

In any case, this model is fit to the binary dependent variable rnps. Since this requires

measured variability in rnps, observed values of Z outside the non-probability sample are

needed in addition to the observations in the non-probability sample. Once the model is

fit, the pseudo-design weights are simply obtained as

w̃i = 1/p̂npsi = 1/m (zi·,Θ) (2.17)

(cf. equality 2.15; Lee, Lessler, and Stuart, 2010; Lenau, 2021; Rosenbaum and Rubin,

1983; Schonlau et al., 2009).

2.2.2 Calibration Weighting

As outlined in section 2.1, an unbiased estimate for the conditional distribution fY (yi· |xj· )
can be obtained from the non-probability sample nps in case of conditional independence

and a full coverage of the target population. Under these conditions, the distribution of Y

in the non-probability sample is the same as in the population if there are no differences

in the auxiliary variables X (cf. Lenau, 2021).

Reversing this argument, calibration techniques for non-probability samples directly aim

at compensating differences in X to counterbalance potential biases in Y . To eliminate

selection bias under conditional independence assumption 2.1, ideal calibration constraints

would exactly impose congruence of the weighted non-probability sample and the popula-

tion density of X. Yet, this is usually not feasible unless X contains only a small number

of categorical variables, because this requires knowledge about the population density and

observed values for all realizations of X in the sample (cf. e.g. Chen, Valliant, and Elliott,

2019; Deville and Särndal, 1992; Deville, Särndal, and Sautory, 1993; Zhang, 2000).

As a more practicable simplification, calibration constraints commonly only refer to the

totals (or means) of the auxiliary variables X. The presumably most widely applied

calibration estimators are formalized on this basis by Deville and Särndal (1992). These
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authors formalize calibration as determination of a vector of calibration weights

w̃ := wnps ◦ g , (2.18)

by using a vector of correction weights g ∈ Rnnps
. Their purpose is to calibrate the

original weights wnps such that some known or estimated totals τ̂X
(
wcal

)
in a calibration

benchmark data source cal are met:

τ̂X (w̃)
!
= τ̂X

(
wcal

)
. (2.19)

Assuming that all systematic differences between non-probability and benchmark data set

refer to the expected values of X, calibration constraints 2.19 can be used to eliminate

these differences. To achieve compliance with these constraints while inducing as little

change as possible to wnps, a distance function δ is used to quantify this change. The

calibration problem is therefore defined as

argmin
g

( ∑
i∈Snps

wnps
i · δ (gi)

)
s. t. τ̂X (w̃) = τ̂X

(
wcal

)
,

(2.20)

which constitutes minimization of a weighted sum of individual distances w.r.t. to the

calibration constraints 2.19 (cf. Deville and Särndal, 1992).

The generalized regression estimator (GREG) is the most prominent example of this ap-

proach. It is obtained by minimizing the quadratic relative distance between w̃ and wnps,

such that

δ (gj) = (1− gj)
2
/
2 (2.21)

For this special case, a closed-form solution exists and the calibration weights can be

determined by

g = 1 +Xnps
(
(Xnps)T diag (wnps)Xnps

)−1 (
τ̂X

(
wcal

)
− τ̂X (wnps)

)T
. (2.22)

Post-stratification, which is frequently treated as a separate calibration technique (cf.

e.g. Brick, 2013; Steinmetz and Tijdens, 2009) can be represented as a special case of

the GREG: by using an X-matrix which solely contains indicator variables for the post-

strata, weighted cross tables of X are adjusted to coincide with those obtained from the

benchmark data (cf. Zhang, 2000).
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2.3 Synthesis of Model- and Pseudo-design-based Approaches for Non-probability
Samples

Simon Lenau and Ralf Münnich

Trier University

The previous sections 2.1 and 2.2 provide an overview of the model- and the pseudo-

design based paradigm for estimation from non-probability samples. Both rely on the

conditional independence assumption (cf. equations 2.1 and 2.13). Both paradigms are

often considered as mutually exclusive, and rarely jointly discussed (for exceptions, cf. e.g.

Buelens, Burger, and van den Brakel, 2018; Elliott and Valliant, 2017). However, such a

strict separation is not necessarily beneficial for finding the best way to account for non-

probability sample selection. Correspondingly, at least some approaches to combine both

paradigms can be identified. Important examples are discussed below, including the use

of weights when fitting prediction models, as well as the Heckman model which represents

the joint distribution of sample inclusion and variable of interest.

2.3.1 Weighted prediction models

One straightforward approach to combine prediction and weighting methods is by us-

ing weights when fitting the prediction models described in section 2.1. This strategy

is commonly applied in probability samples, where a Horvitz-Thompson estimate of the

population’s loss function is optimized to compensate for dependencies between inclusion

probabilities and variable(s) of interest. Examples include generalized linear and additive

models that are fit using weighted (or pseudo-) log-likelihood estimation techniques (cf.

e.g. Binder, 1983; Breidt and Opsomer, 2017; Fuller, 2009; Lumley and Scott, 2017; Pf-

effermann and Sverchkov, 1999; Pfeffermann, 2011; Ripley and Venables, 2016; Särndal,

Swensson, and Wretman, 1992; Wood, 2017). Considering pseudo-design weights as a sur-

rogate for design weights in case of non-probability sampling, a straightforward extension

is to use weighted loss functions for model fitting as well (cf. e.g. Beaumont, 2000; Lenau,

2021).

2.3.2 The Heckman Model

A second approach for combining model- and pseudo-design based ideas is to employ a

joint model for the selection process and the variable(s) of interest. The presumably most

popular example of this strategy (cf. Brick, 2013; van Buuren, 2018) is the model proposed

by Heckman (1976, 1979). It assumes a linear regression model as introduced in section

2.1.2. Denoting by

e·k = ŷ·k − y·k (2.23)

the prediction errors when substituting y·k by ŷ·k, the assumed conditional distribution

of Y given X is e·k ∼ N(0,Σe·k). The linear model in the population can then be written

as

yik = xi·β·k + eik for all i ∈ SP . (2.24)
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When estimating parameters β from the non-probability sample nps, the model equation

is

ynpsik = xnps
i· β·k + E

(
eik
∣∣rnpsi = 1

)
+ ẽik for all i ∈ Snps . (2.25)

In equation 2.25, ẽ·k ∈ Rnnps
denotes a new residual variable that is zero in expec-

tation. It is used to differentiate sample and population density (cf. equation 2.24).

When conditional independence assumption 2.1 is violated, the remaining dependencies

between y·k and rnps lead to E
(
eik
∣∣rnpsi = 1

)
̸= E

(
eik
∣∣rnpsi = 0

)
. In this setting, ignoring

E
(
eik
∣∣rnpsi = 1

)
when estimating model 2.25 is a violation of the Gauss-Markov theorem

that results in biased parameter estimates (cf. Greene, 2008; Heckman, 1976; Wooldridge,

2012).

To overcome this issue and allow for unbiased parameter estimates, Heckman (1976,

1979) introduces an additional assumption about the underlying response or participa-

tion propensity similar to that used in section 2.2.1. This assumption is that sample

membership can be expressed by a latent variable

y∗il = zi·β
∗ + e∗il for all i ∈ SP (2.26)

such that

rnpsi = I (y∗il ≥ 0) = I (e∗il ≥ −zi·β
∗) for all i ∈ SP . (2.27)

Assuming further that the residuals in equations 2.24 and 2.26 follow a bivariate normal

distribution, such that

[
e·k e∗·l

]
∼ N

((
0

0

)
,

(
1 ρe·ke

*
·l
·
√
Σe·k

ρe·ke
*
·l
·
√
Σe·k Σe·k

))
, (2.28)

the conditional expectation in equation 2.25 can be replaced by

E
(
eik
∣∣rnpsi = 1

)
= ρe·ke

*
·l
·
√
Σe·k ·

Φ′ (zi·β
∗)

Φ (zi·β
∗)

. (2.29)

Here Φ′ (zi·β
∗)/Φ (zi·β

∗) denotes the inverse Mill’s ratio, which is the fraction of density

and distribution function of the standard normal distribution (cf. Greene, 2008; Johnson

and Kotz, 1972; Mills, 1926; Wooldridge, 2012). This is basically an adaptation of the

Tobit model developed by Tobin (1958).

To identify equality 2.29, the parameters β∗ can be estimated by a GLM as discussed

in section 2.1.2. Under assumptions 2.26 and 2.27, they these parameters define a probit

model :

P
(
rnpsi = 1|zi·

)
= Φ(zi·β

∗) for all i ∈ SP (2.30)

(cf. Amemiya, 1985; Heckman, 1979; Maddala, 1983; Toomet and Henningsen, 2008;

Simonoff, 2003). Once β∗ is is estimated by meas of a GLM, β and β̃k can be estimated

through the linear model outlined in equations 2.25 and 2.29.
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By modeling the joint distribution of rnps and Y , this strategy establishes a link between

model- and pseudo-design-based methods. However, it is subject to two rather severe limi-

tations. On the one hand, it employs strong and easily violated distributional assumptions.

On the other hand, it requires that at least one variable z·l solely predicts the response

propensity but is not included in X to model the target variable(s). If this is not the case,

the inverse Mill’s ratio is typically almost perfectly collinear to X (cf. Little, 1988; Rubin,

2006; Wooldridge, 2012; Weisberg, 2005).

2.4 Using Non-Probability Data in Small Area Estimation

Stefano Marchetti, Monica Pratesi, Nicola Salvati and Francesco Schirripa Spagnolo

University of Pisa

2.4.1 Introduction

In recent years, there has been a growing demand for more and more detailed official

data in order to implement more targeted policies. From a statistical point of view, this

has increased the need for appropriate statistical methods to produce reliable statistics

for subdomains of a population (such as geographical areas or socio-economic groups).

Indeed, reliable estimates for local area or subpopulation are requested by policy makers

to implement policies, allocate government funds, evaluate planning and so on.

In the last years, the use of alternative, non-probability data sources, have been explored

by statisticians also to produce official statistics for populations and their subdomains,

however the use these data to make valid inferences still remains a critical issue.

For many decades, probability surveys have been the standard for producing Official Statis-

tics. Due to technological innovations, over the past decade, there has been an unprece-

dented increase in the volume of “new” data, such as transaction data, social media data,

internet of things and scrape data from websites, sensor data and satellite images and

so on. Generally, they are called big data. Moreover, the decline in response rates in

probability surveys, the increasing cost of data collection associated with the increased

burden on respondents, have become major issues for producing official statistics in de-

veloped countries. On the other hand, the low cost of obtaining non-probability samples

of very large sizes, such as self-reporting Internet web surveys or social media, and the

velocity with which these data can be obtained are very attractive to statistical agencies

for producing “real time” official statistics.

Big data sources are often the results of non probability sampling processes and often they

offer very rich data sets: the data can be classified by geographical domains and/or also

cross-classified by social and demographic domains (gender, educational level and so on).

Anyway the “nature” itself of the data, as collected without a probability scheme, opens

the door to possible selection bias, even at domain level.
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Due to this, making reliable inferences from a non-probability sample alone is a very big

challenge and a naive use of these data can lead to biased estimates as affected by selection

bias and measurement error. As pointed out by Meng, 2018, without adjustments to reduce

the bias associated with the big data, we can run into the so called big data paradox: “the

bigger the data, the surer we fool ourselves”.

So inference from big data sources/domain level data needs to be rethought and selection

bias adjustments introduced.

In this context Small area estimation (SAE) methods can contribute as a useful tool

to integrate data from probability and non-probability sources. SAE methods produce

reliable estimates through an estimation procedure that “borrow strength” from related

domains/areas increasing the effective sample size and thus increase the precision of the

estimates. Usually, small area techniques provide official statistics at domain of study

level using probability surveys and other sources of available information from which the

estimators can borrow strength. The increasing availability of large amounts of data can

represent an opportunity also in developing SAE methods.

We assume that we have access to non-probability and probability survey samples from

the same finite population. Therefore, there are three different situations:

1. the target variable is observed both in the available survey data from a probability

sample and in the big data source (non-probability sample)

2. the target variable is observed only in the big data source;

3. the target variable is observed only in the survey data.

Here we focus on the second situation. Situation number three is already treated in many

scientific papers (see, among others, Marchetti et al., 2015) while situation number one is

quite rare and difficult to simulate. Therefore, we decided to focus on the second situation,

as we think it is more common in practice and more interesting for future use of big data

sources.

We dedicate a section to the effect of the selection bias when the study variable is not

observed in the probability sample. This is a useful introduction to understand the extent

of the problem in the analysis of many social-economic data and to set the basic notation

we need to explain the results of our work. A successive section explains the role of SAE

methods in data integration, to prepare the field for the solution we propose to mitigate

the selection bias effect in the estimation of target parameters at domain level. Then

we dedicate a section to reducing selection bias in big data sources using Small Area

Estimation. In this section we consider the case of situation two, when we have values of

the target variable at domain level only in the non-probability sample (big data source).

We decided to face this problem considering unit level approaches in SAE. Our results

are based on a simulation study described in Section 3.1. Our results show that in a

simulation setup based on Kim and Wang, 2019, our two proposed SAE estimators (see
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Equation equation (2.39) and equation (2.45)) tend to reduce the bias associated with the

naive direct estimator of the target parameter (the mean) from the big data source alone.

2.4.2 Effect of the selecion bias when the study variable is not observed in the probability
sample

The first step in meeting information needs is to define the target population for which

such information is required. We consider a population U of size N divided into m non-

overlapping subsets (domains of study or areas) Ui of size Ni, i = 1, . . . ,m. Let yij denote

the value of the target variable for the unit j belonging to the area i. We assume to

have two samples referred to this population of interest: a non-probability sample and a

probability sample. Moreover, we assume that the study variable is observed only in the

non-probability sample.

A non-probability sample, denoted by B, is available for the target population, with

B ⊂ U . We assume that the non-probability sample is available in each area of interest:

Bi is the non-probability sample in the area i, Bi ⊂ Ui. We denote the inclusion indicator

in Bi as δij ; in other words, δij = 1 if j ∈ Bi, δij = 0 otherwise; therefore NBi =
∑Ni

j=1 δij .

The study variable yij is observed only when δij = 1. The non-probability contains other

auxiliary variables, denoted by x.

A survey data of size n, denoted by A, is available; Ai is a subset of Ui drawn randomly.

The survey data do not contain the variable of interest but contain only auxiliary variables

x. The area-specific samples Ai are available in each area, but the number of sample units

in each area, ni > 0, is limited. Therefore, the areas of interest can be denoted as “small

areas”. In general, a domain (or area) is regarded as “small” if the domain-specific sample

size is not large enough to obtain direct estimates with acceptable statistical significance

(Rao and Molina, 2015). These areas can be geographic areas, such as provinces or munic-

ipalities; socio-demographic groups (sex, age, race) and other sub-populations, such as the

firms belonging to a industry subdivision. In these cases, model-assisted and model-based

SAE techniques need to be employed .

In summary, non-probability sample B and the probability sample A have common co-

variates x. Consequently, the available data can be denoted by {(yij , xij), i ∈ B} and

{(xij), i ∈ A}.

The quantities of interest are the area means Ȳi = N−1
i

∑
j∈Ui

yij , i = 1, . . . ,m.

By using the non-probability sample we can estimate Ȳi by:

ȲBi = N−1
Bi

∑
j∈Ui

yij ,

where NBi =
∑Ni

j=1 δij and yij is the jth observation in the area i. Because of the selection

bias and the measurement error, the sample mean ȲBi from the non-probability sample

is biased. Indeed, non-probability samples have unknown selection/inclusion mechanisms

19



and are typically biased, and they do not represent the target population (Yang and Kim,

2020).

Indeed, according to Kim and Wang, 2019, the error of ȲBi is:

ȲBi − Ȳi =
1

fBi

cov(δij , yij),

where fBi = NBi/Ni and

cov(δij , yij) =
1

Ni

∑
j∈Ui

(δij − δ̄Ni)(Yij − Ȳi),

with δ̄Ni = N−1
i

∑
j∈Ui

δij . Therefore, for a general random mechanism we have

Eδij [(ȲBi − Ȳi)
2] =

1

f2Bi

Eδij [ρ(δij , yij)var(δij)var(yij)] =

= Eδij [ρ(δij , yij)
2] ·
(

1

fBi

− 1

)
· σ2i ,

(2.31)

where Eδij [·] represents the expectation with respect to the random mechanism δij and σ
2
i

is the population variance in the area i. The identity in Eq. equation (2.31) tells us that

the selection bias of ȲBi error is determined by three factors. Meng, 2018 called ρ(δij , yij)

data quality,
√

(1/fBi − 1) data quantity and σi problem difficulty. The data quality is

the most critical term in determining the bias and it is approximately zero on the average

under simple random sampling and the first term in Eq. equation (2.31), Eδij [ρ(δij , yij)
2],

called Data Defect Index (DDI), determines the level of departure from simple random

sampling. Indeed, under an equal probability sampling design, Eδij [ρ(δij , yij)] = 0 and

the DDI is of order O(1/Ni) implying Eδij [(ȲBi − Ȳi)
2] = O(N−1

Bi
). On the other hand, for

other sampling design with Eδij [ρ(δij , yij)] ̸= 0, the DDI becomes significant with order

O(1) which implies Eδij [(ȲBi − Ȳi)
2] = O(N−1

Bi
N − 1). Thus, a non-probability sampling

design, makes the analysis results subject to selection bias.

Therefore, we propose a techniques in order to make valid inference from big data sources

when the aim is to provide reliable estimates at small area level.

2.4.3 Small area estimation and data integration

Combining information from different sources is an important practical problem in survey

sampling. This topic has received a lot of attention more recently due to the increasing

availability of data. Data integration represents a quite new research area aimed at combin-

ing information from two independent surveys on the same target population. According

to Yang and Kim, 2020, a data integration technique has three goals: i) minimize the cost

associated with surveys, ii) minimize the respondent burden and iii) maximize the sta-
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tistical information/efficiency of survey estimation. Different data integration techniques

have been proposed depending on the types of samples and available information to be

combined; for a review on this topic see Yang and Kim, 2020 and Lohr and Raghunathan,

2017.

Using multiple data sources is common in SAE; indeed, small area methods combine

the data from a survey with predictions from a regression model using covariates from the

administrative or census data. The SAE models are classified into two categories according

to the available data on the target variable: (i) area level models and (ii) unit levels model.

The standard SAE models use hierarchical model in which the deviation of an area mean

from the overall mean is represented by a random effect.

The basic area level model is the so-called Fay-Herriot (FH) model, introduced by Fay

and Herriot, 1979. They estimated the parameter of interest θi (e.g. totals, yi or means,

ȳi), in the domain i using a weighted average of the estimates from two sources. The first

estimate is the survey estimate in the ith domain. For domains with a small sample size,

it cannot be considered reliable, because their variance is too high. Moreover, they assume

that the following model follows for the design unbiased direct estimator θ̂i:

θ̂i = θi + ei, (2.32)

where ei are independent sampling error with mean 0 and know variance σ2ei .

The second estimate uses a hierarchical regression model that predicts θi by using area-

level auxiliary variables xi, available from an administrative or census data source, to

obtain the prediction θ̂i:

θ̂i = xTi β + ui, i = 1, ...m, (2.33)

where β is the vector of regression coefficient and ui’s are area-specific random effects

assumed to be independent and identically distributed with mean 0 and variance σ2u.

The best linear unbiased predictor (BLUP) of the parameter of interest θi under the FH

approach is essentially weighted combination of the sample estimator and a synthetic

estimator:

θ̂i = γiθi + (1− γi)(x
T
i β + ui), (2.34)

where γi ∈ [0, 1] is called shrinkage factor and measures the model variance with respect

to the total variance. Therefore, it is larger (smaller) if σ2ei is small (large). It follows that

the the estimator gives more weight to the synthetic estimator as the sampling variance

increases or the sample size decreases. Replacing β and σ2u with consistent estimators we

obtain the EBLUP of θ̂i.
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In the last decades, the area level model has been used to include area level big data

as additional predictors. In particular, Schmid et al., 2017 used mobile phone data as

covariates in the FH area level model to estimate the literacy rate by gender at the local

(commune) level in Senegal.

However, the standard FH model requires the availability of auxiliary data measured

without errors at the domain level. Non-probability source was a subset of the population

of interest and that it may be subject to measurement errors. Ybarra and Lohr, 2008

proposed a modification of the standard FH estimator for accommodating area-level co-

variates subject to sampling error. Marchetti et al., 2015 used the modified version of

the FH model proposed by Ybarra and Lohr, 2008 to allow for the measurement error in

the big data source. In particular, they used big data source to study the estimation of

poverty indicators for local areas in Tuscany, a region of Italy. In their application, the

big data covariate is a mobility index based on different car journeys tracked with a GPS

device. Direct estimators of area poverty rates were obtained from a probability survey.

Both papers, showed the predictive power of big data sources, which allows in improving

the efficiency of the small area estimates by using area level models. Marchetti et al., 2015

gave a comprehensive overview how alternative data sources can be used in the context of

SAE.

However, it is possible to follow the approach of using big data as covariate in SAE only

when the direct estimates can be obtained from a probability sample. Sometime this is

not possible, as we describe in the section 2.4.2 we have values of the target variable only

in the non-probability sample. In this case, it is necessary to consider methods for dealing

with the selection bias in non-probability sampling. We decided to face this problem

considering unit level approaches in SAE.

If information at unit level is available, the unit-level small area model proposed by Battese,

Harter, and Fuller, 1988 may be used. In this case, the hierarchical model used for the

individual response of the survey individual j in area i is:

yij = xTijβ + ui + eij , (2.35)

where the area-specific random effects ui are assumed to be normally distributed with

mean 0 and variance σ2u and also the individual level errors eij are assumed to follow a

normal distribution with mean 0 and variance σ2e .

We suppose that the quantities of interest are the area means, it possible to express the

mean in terms of linear combination between observed and unobserved units as follows

θi = N−1
i

∑
j∈si

yij +
∑
j∈ri

yij

 , (2.36)
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where si is the set of the sampled units in area i and ri is the set of the non-sampled units

in area i. Substituting the values for the non sampled units with their predictions, we

obtain:

θ̂i = N−1
d

∑
j∈si

yij +
∑
j∈ri

(xTijβ̂ + ûi)

 , (2.37)

where β̂ and ûi are the BLUE for β and ud. Replacing the variance components by their

estimators (ML or REML method can be used, see Rao and Molina, 2015 for more details)

we obtain the Empirical Best Linear Unbiased Predictor (EBLUP).

Being assisted by unit level approach, we propose a new method to producing statistics

at local level when the variable of interest has been recorded only in the non-probability

sample. In particular, we consider a data integration method for combining probability

and non-probability samples (i.e. big data sample) assisted by unit level small area models,

following the approach of Kim and Wang, 2019, in order to to reduce the bias.

As already explained in ..., we have {(yij , xij), i ∈ B} and {(xij), i ∈ A}, where B is the

non-probability sample (big data) and A is the probability sample. We consider the case

in which the survey data and the big data are available in each small area of interest.

We assume that the selection mechanism for the big data is no-informative :

P (δij = 1|xij , yij ;ui) = P (δij = 1|xij ;ui)

where ui is an area-specific random effect characterizing the between-area differences in

the distribution of yij given the covariates xij .

Moreover, we assume that we can observe δij , the big data sample inclusion indicator,

from the sample A. In other words, among the elements in sample A, it is possible to

obtain the membership information from the big data sample B.

We can use the data {(δij ,xij)} ∈ Ai to fit a model for the for the participation probabilities

or propensity scores (P (δij = 1|xij = p(x,λ)) in sample B based on the missing at random

(MAR). Usually, a logistic regression model for the binary variable δij can be used in order

to obtain estimators p̂ij in sample B.

However, the hierarchical structure of the data should be considered in the estimation

model of the propensity scores. Therefore the participation probabilities will be condi-

tioned also to the random effects:

P (δij = 1|xij ;ui) = pij(λ, ui).
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Consequently, we consider the following generalized liner random intercept model for the

propensity scores:

p̂ij(λ̂, ûi) = g−1(xTijλ̂+ ûi),

where g(·) is a logit link function; λ̂ and ûi are the ML estimates of λ and ui.

In order to develop our estimator we suppose a working population model holds for sample

B. Linear Mixed Model (LMM) structure for the expected value of y is very common in

SAE. We assume that the following working population model holds for sample B:

E[yij |xij , γi] = xTijβ + γi, (2.38)

where γi is the area-specific random effect for area i characterizing the between-area dif-

ferences in the distribution of yij given the covariates xij

Using data from the big data sample B, assuming the model is correctly specified, we

obtain an estimator of β̂ which is consistent for β (Rao, 2021).

Then a doubly robust (DR) estimator of the mean is given by:

θ̂EBLUPi;DR =
1

Ni

∑
j∈Bi

1

p̂ij(λ̂, ûi)
(yij − xijβ̂ − γ̂i) +

∑
j∈Ai

(xijβ̂ + γ̂i)

 , (2.39)

where β̂ and γ̂i are respectively the estimated regression coefficients and the random effects

based on the big data sample.

The estimator in Eq. equation (2.39) is DR in the sense that it is consistent if both the

model for propensity scores and the model for the study variable are correctly specified

(Kim and Wang, 2019; Rao, 2021).

The estimator in Eq. equation (2.39) is based on the mixed model approach used in SAE.

However, among the unit-level approach in SAE, an alternative to the estimators based on

the mixed model approach, is the M-quantile (MQ) approach proposed in SAE framework

by Chambers and Tzavidis, 2006.

M-quantile regression is usually defined as a ‘quantile-like’ generalisation of standard re-

gression, based on influence functions (M-regression) that estimate the differential effect

of a set of covariates x at different levels of the conditional distribution of the response

variable. Therefore, M-quantile regression models can be used to characterise the entire

conditional distribution f(y|x) of y given x and

A linear M-quantile regression is defined by (Breckling and Chambers, 1988):

MQy(x;ψ) = xTβψ(q), (2.40)
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where ψq denotes an asymmetric influence function, βψq is the vector of the regression

parameters for each q. For specified q ∈ (0, 1) and ψ, estimates of the regression parameters

can be obtained by minimizing:

n∑
i=1

ρq(yi − xTi βψq). (2.41)

The loss function ρq(u) is usually defined to be the Huber loss function (Breckling and

Chambers, 1988):

ρq(u) =

{
(2c|u| − c2){qI(u > 0) + (1− q)I(u ≤ 0)} |u| > c,

u2{qI(u > 0) + (1− q)I(u ≤ 0)} |u| ≤ c,
(2.42)

where c is a tuning constant bounded away from zero.

The estimating equations, obtained setting the first derivative of Equation equation (2.41),

are the following
n∑
i=1

ψ(riq)xi = 0, (2.43)

where riq = yi − xTi βψq, ψq(riq) = 2ψ(s−1riq){(1 − q)I(rjq ≤ 0) + qI(rjq > 0} and

ψ(u) = uI(−c ≤ u ≤ c) + c · sgn(u) is the Huber Proposal 2 influence function; the scale

parameter is s = median|riq|/0.6745.

Estimation of the regression parameter βψq are obtained using iterative weighted least

square (IWLS) algorithm.

A benefit of MQ regression is the possibility to trade efficiency for robustness by setting

the value of c. For example if we choose c to be positive and near to zero we increase

robustness and decrease efficiency, then we move towards quantile regression. On the other

hand if we decrease robustness and increase efficiency setting c positive and large, we move

towards expectile regression.

Following this approach, Chambers and Tzavidis, 2006 extended this in the context of

SAE. Chambers and Tzavidis, 2006 extended the linear M-quantile regression model in

Equation equation (2.40) in the context of SAE.

They observed that if the difference between the areas is a significant part of the variability

of the population, the units within the same areas are expected to have similar M-quantile

coefficients. As result, instead of using parametric random effects, they developed a pre-

dictor of the small area mean assuming that area effects can be expressed by the area-level

M-quantile coefficients, that is a suitable average of the M-quantile values of the units

belonging to a given area:

θ̂MQ
i = N−1

d

∑
j∈si

yij +
∑
j∈ri

xTijβ̂ ˆ̄qi

 , (2.44)
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where β̂ ˆ̄qi
is the vector of estimated regression coefficients for the area i.

We use the MQ-approach to develop a second estimator.

For estimating the propensity scores the M-quantile for binary data is used:

p̂ij(λ̂) = g−1(xTijλ̂ˆ̄qi
),

where λ̂ˆ̄qi
represents the vector of the estimated regression coefficients at the area-specific

M-quantile ˆ̄qi.

The DR estimator based on the MQ approach is given by:

θ̂MQ
i;DR =

1

N

∑
j∈Bi

1

p̂ij(λ̂ˆ̄qi
)
(yij − xijβ̂ ˆ̄qi

) +
∑
j∈Ai

(xijβ̂ ˆ̄qi
)

 , (2.45)

where β̂ ˆ̄qi
represents the vector of the estimated regression coefficients at the area-specific

M-quantile ˆ̄qi.
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3 Case Studies

3.1 Reducing Selection Bias in Big Data Sources Using Small Area Estimation

Stefano Marchetti, Monica Pratesi, Nicola Salvati and Francesco Schirripa Spagnolo

University of Pisa

In this section, we use a simulation setup similar based on Kim and Wang, 2019 to compare

the two proposed estimators shown in Equation equation (2.39) and equation (2.45) with

the naive direct estimator.

We consider the two following outcome models for generating the finite population for

m = 100 small areas:

i) Linear model:

yij = 1 + x1,ij + x2,ij + ui + eij (3.1)

ii) Non-linear model:

yij = 0.5(x1,ij − 1.5)2 + x2,ij + ui + eij (3.2)

For both models, the two covariates are generated as follows: x1,ij ∼ N(1, 1) and x2,ij ∼
Exp(1). Both random terms are normally distributed: ui ∼ N(0, 0.5) and eij ∼ N(0, 1).

We fixed the population size in each small area equal to Ni = 1000. We use simple random

sampling without replacement within each area to obtain an independent sample A of size

n = 1000 with ni = 10.

The sampling indicator of the big data sample is generated by δij ∼ Ber(pij) independently

for j = 1 . . . N and i = 1 . . .m and we consider the two following big data propensity model:

i) Linear logistic model

pij =
exp(x2,ij + γi)

1 + exp(x2,ij + γi)
(3.3)

ii) Non-linear logistic model

pij =
exp(−0.5 + 0.5 · (x2,ij − 2)2 + γi)

1 + exp(−0.5 + 0.5 · (x2,ij − 2)2 + γi)
(3.4)

where γi ∼ N(0, 1).

We consider the following three scenarios obtained by combining the outcome models and

the big data propensity score models:
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1) Both the outcome regression model and the big data propensity model are linear.

The finite population is generated by Equation equation (3.1), and the sampling

indicator of the big data sample is generated by Equation equation (3.3).

2) The outcome regression model is linear, and the big data propensity model is non-

linear. Equation equation (3.1) is employed to generate the finite population and

equation (3.4) to generate the sampling indicator of the big data sample.

3) The outcome regression model is non-linear, and the big data propensity model is

linear. The finite population and sampling indicator of the big data sample are

generated using Equation equation (3.2) and equation (3.4).

The parameter of interest is the population mean in each small area, Ȳi. And we compare

the following three estimators:

i) The direct estimator: the sample mean of the big data sample (Direct)

ii) The DR estimator base on mixed model approach, Equation equation (2.39), (EBLUP).

We use a random-intercept logistic model as working big data propensity model:

logit(pij(λ, ui)) = λ0 + λ1x2,1j + ui

iii) The DR estimator base on MQ approach, Equation equation (2.45), (MQ). We

use a MQ logistic model as working big data propensity model: logit(pij(λ, ui)) =

λ0,ˆ̄qi + λ1,ˆ̄qix2,1j

For each scenario, we conduct R = 500 Monte Carlo simulations to compare the data

integration estimators regarding the bias and the variability. In particular, to summarize

the results we use the following three indicators of performance:

� AbsBias(θ̂i) =
∣∣∣R−1

∑R
r=1

(
θ̂
(r)
i − θ

(r)
i

)∣∣∣
� RB(θ̂i) = R−1

∑R
r=1

(
θ̂
(r)
i − θ

(r)
i

)
θ
(r)
i

× 100

� MSE(θ̂i) = R−1
∑R

r=1

(
θ̂
(r)
i − θ

(r)
i

)2
where θ̂

(r)
i is an estimator in the ith area for the rth replication and θ is the corresponding

true value, i.e. the population mean.

The results for the three estimators over the simulations are reported in Table 3.1. The

direct estimator is biased in all scenarios because it does not account for the random

mechanism for the big data sample. The RB is positive in the first and third scenario,

while it is lower and negative in the second one. Both proposed estimators have almost

no bias in all scenarios. Moreover, both proposed estimators tend to be robust against the

misspecification of the big data propensity model, and their estimates have low bias also

in scenario 2, where a non-linear logistic model is used for the big data propensity model.
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In terms of AbsBias EBLUP and MQ tend to have almost the same performance; the

EBLUP tend to be perform better than MQ in terms of RB in all scenarios and in particular

in scenario 2, where the RB of MQ is −0.8160%, while the EBLUP has a relative bias

equal to 0.0635%.

Regarding the MSE, as expected, the direct estimator tend to give better results than the

two data integration estimators proposed. Also in terms of MSE, both estimator tend to

give the same results and also in this case the EBLUP perform slightly better than MQ.

Table 3.1: Median over the areas of AbsBias, RB and MSE over the 500 MC simulations
for each scenario.

Estimator AbsBias RB (%) MSE

Scenario 1

Direct 0.2260 8.0700 0.0790
EBLUP 0.0155 0.0480 0.1995
MQ 0.0160 0.0930 0.2040

Scenario 2

Direct 0.0840 -3.0060 0.0110
EBLUP 0.0150 0.0635 0.2000
MQ 0.0160 -0.8160 0.2222

Scenario 3

Direct 0.2265 17.8745 0.0790
EBLUP 0.0100 0.3420 0.1245
MQ 0.0100 0.7210 0.1300

In summary, results highlight that both proposals tend to reduce the selection bias of the

big data sample.

Final remarks and recommendations

Big data sources are a treasure of information that runs the risk of being underestimated

as not connected with existing official data. They offer data affected by selection bias, as

already stated in many scientific papers (see, among others, Beaumont, 2020; Rao, 2021)

and adjusting for this selection bias in big data is an important and urgent problem. The

effect of selection bias is likely to be even more serious at domain level when the domains

are defined by socio-demographic groups. Age groups, gender, educational level, zone of

residence, geography in general are often highly correlated with digital divide. This last is

often the factor explaining self-selection bias and the presence/absence in big data sources

of individuals, households and firms.
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In this work we dealt with the problem of making reliable inference for small domains

when the target variable is stored in a non-probability sample (big data sample) which is

assumed to be available in each area and the number of units in each area is quite large.

In particular, we propose two methods based on the integration of a probability and a

non-probability sample in order to reduce the selection bias associated with big data when

the aim is to predict statistics at the local level. Results highlight that the two proposals

tend to reduce the bias of the naive direct estimator and this approach seems to be a

promising research area.

However, our methods need to be refined and there are open issues:

- development of an analytical and/or bootstrap approach for the MSE of the two

estimators;

- investigating the robustness of our predictions to outliers in big data sources,

- how to deal when we have no data on target variable in big data sources (out of

observation domains).

30



3.2 Adjusting Measurement Errors in a Nonprobability Sample

Li-Chun Zhang

University of Southampton

Accounting for the selection mechanism of a nonprobability sample has received much

attention. Measurement errors may be present at the same time. In this case study, we

consider the problem of adjusting the errors of two measurements jointly observed in a

nonprobability sample.

3.2.1 Introduction

3.2.1.1 A motivating example

The chief source of register-based employment statistics in Norway is an administrative

service coordinated by the Norwegian Labour and Welfare Administration, the Norwegian

Tax Administration and Statistics Norway. Since its introduction in 2015, all employers

are legally obliged to report all the contractual employer-employee relationships and the

related payments every month. Figure 3.1 presents some results of people-in-work accord-

ing to the number of jobs one has in years 2015 - 2017 based on this administrative source.

Despite the seasonality that is clearly visible for all the three groups of employees, there

is clearly a much stronger increase in the number of people of with 2 jobs compared to

those with only one job.

Suppose one is interested in job-related travel patterns, which depends on the number of

jobs one has, as well as the locations of one’s home and work places, but is not entirely

determined by them. Figure 3.2 gives the basic configurations of job-related travel pat-

terns, to be referred to as motifs, for anyone with 1, 2 or 3 jobs, where an edge represents

a job and the ◦-node represent the locality of one’s home address. One can add a value

to each edge in a motif, where by definition the sum of the values is 1 over all the edges

in a given motif. Or, one can allow for a value to be attached to the ◦-node to represent

home-office time as well.

In any case, even when it is possible to obtain the addresses of an employee’s home and

work place from relevant administrative registers, it is generally not possible to ensure

that the motif derived for a given employee can always be correct. For instance, a person

with one job in city A and another job in city B does not have to divide her physical

presence between the two cities proportional to the percentages of full-time employment

(FTE). Or, a person with home address in city A and a single work-place in city B does

not have to travel from A to B every day, such that classification is not straightforward if

home-office time is also of interest.

Meanwhile, a telephone company (Telecom) is able to estimate the time spent at different

localities of a person based on her mobile phone signals, possibly with GPS location data

in addition, such that it can derive the motif (such as those in Figure 3.2) for any of its
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Figure 3.1: People with 1 (solid), 2 (dashed), 3+ (dotted) jobs based on administrative
data

customers. However, Telecom generally cannot be sure whether the presence at a location

is job-related, such that its classification will not always be correct.

Let the target population consist of all the register-based employees, for each of which the

National Statistical Office (NSO) has a motif classification based on relevant administrative

registers. Suppose the NSO selects a sample and obtains from Telecom its classified motifs

for the subsample who are customers of Telecom. Since the mechanism of anyone’s being

a customer of Telecom is unknown, we now have a nonprobability sample in which we

observe two measurements, both of which may be subject to errors. How can one estimate

the true proportions of different motifs in the target population in such a situation?

3.2.1.2 Set-up and notation

The motivating example above fits the setting studied by Schenkel and Zhang (2021). In

their notation, suppose we have a classifier (or categorical measurement), denoted by X,

which is known for everyone in the population, denoted by U . However, X may misclassify

the true measurement, denoted by Y . Suppose we observe a second classifier, denoted by

Z, together with X for a subset (or sample) of the population, denoted by

s = {i ∈ U : ri = 1} ⊂ U
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Figure 3.2: Job-related travel patterns. Locality (node, ◦ for home), job (edge)

and sc = {i ∈ U : ri = 0} such that s ∪ sc = U . However, not only can Z misclassify Y ,

but also the s-selection mechanism is unknown for the population units in U .

Table 3.2: Presence (✓) of classifiers subject to errors

Classifier Joint sample (R = 1) Rest of population (R = 0)

X ✓ ✓
Z ✓ —

The setting is generically summarised in Table 3.2, where R = 1 if a unit is in the joint

sample and 0 otherwise. Notice that, for simplicity, we assume X to be available for

everyone in the population, although the methods we discuss can easily be adapted to the

situation where X is only available in a probability sample from the population, and a

subset of these sample units constitute the joint sample in which Z is observed in addition

to X.

In their application (Schenkel and Zhang, 2021), the classifier X is based on administrative

sources known for the whole population, whereas the joint sample refers to the respondents

in the Labour Force Survey (LFS). The left half of Table 3.3 illustrates the measurement

errors in the binary variable of Employed or not, denoted by X = 1 or 0. The reference

time point of Y is November 2018, where X is based on the data that are available two

weeks after and Ỹ that six weeks after. The proportion of Employed is changed from 0.6473

by X to 0.6398 by Ỹ , given the delays or corrections of earlier reports during the month

between them. To provide a context, the difference is about 3.5 times the standard error
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Table 3.3: Register Employed status for November 2018, two weeks after (X) or six
weeks after (Ỹ ). LFS Employed status Z, September-November 2018. Source:
Schenkel and Zhang (2021)

R = 0 R = 1

Ỹ = 0 Ỹ = 1 Total Z = 0 Z = 1 Total

X = 0 0.9963 0.0037 1383355 0.7708 0.2292 6683
X = 1 0.0136 0.9864 2537669 0.0321 0.9679 13864

of the Norwegian LFS estimator of the proportion of Employed. Notice that progressive

source as such is the case for many administrative data, such as VAT, income, internal

migration, etc. The difference from one situation to another is merely the extent of the

resulting measurement errors rather than their existence. See e.g. Zhang and Fosen, 2012

for an earlier case study.

Meanwhile, a binary Employed status Z is also available from the LFS. At the time the

Norwegian LFS sample is a quarterly rotating panel consisting of 8 rotation groups, based

on geographically stratified single-stage cluster sampling, where the clusters are families

in the Central Population Register. The LFS Employed status follows the ILO definition,

which differs from the register Employed status based on contractual employer-employee

relationships.

The discrepancies between Z and X can be seen in the right half of Table 3.3. Clearly,

discrepancies are also unavoidable between Z and the true register Employed status Y .

Since X and Z are available at about the same time, the question arises whether one can

adjust the errors of X given the additional information provided by Z, even though both

may misclassify Y . Notice that since Z is treated as fallible, the fact that those collected

in the LFS September or October are not entirely concurrent with X (or Y ) for November

is not a principle obstacle, compared to the alternative of using only the much smaller

monthly LFS sample.

Finally, the Norwegian LFS does suffer from survey nonresponse (e.g. Hamre and Heldal,

2013; Thomsen and Villund, 2011). In particular, let R = 1 if Z is observed for anyone in

the population, and 0 otherwise. Previous studies by Zhang (1999) and Zhang, Thomsen,

and Kleven (2013) suggest that nonresponse in the LFS is not completely at random, e.g.

the proportion of Z = 1 is lower among the nonrespondents. In other words, it is necessary

to model the selection mechanism of R = 1 instead of only relying on the sampling design.

3.2.1.3 Basic alternatives

We shall describe the method developed by Schenkel and Zhang (2021) as an option to

the set-up above, as well as the modelling approach of Hui and Walter (1980). Let us first

shortly outline the basic ideas of both.
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Provided the knowledge and experience about the administrative source, it is usually

possible to define the part of the population where one is confident that X is either correct

or nearly so. Register Employed status is such a variable, where there are many reliable

indications for stable employment, such as whether a person works in the public sector,

the length of employment history, the level of income, and so on; similarly, there are many

reliable indicators for non-employed. Register-based highest education level is another

example, e.g. the native borns with a completed education history are very unlikely to

change later.

Schenkel and Zhang (2021) introduce a discriminant for the population units, denoted by

B, where B = 1 if the classifier X is assumed to be equal to Y a priori, such that X is

only subject to an unknown misclassification mechanism for the units with B = 2. As

demonstrated in Schenkel and Zhang (2021), it only needs to be case in practice that X is

considerably more reliable when B = 1 than when B = 2, in order for the tacit assumption

of X = Y given B = 1 to yield useful adjustments for the subpopulation with B = 2 where

X is much worse.

This makes use of a 2nd classifier Z that is only observed in a sample from the population.

Provided its misclassification mechanism is transportable from the units with B = 1 to

those with B = 2, which is estimable from the subsample with (R,B) = (1, 1) now that

X = Y given B = 1, one can disentangle the misclassification mechanism of X given B = 2

from the joint distribution of (Z,X) observed in the subsample with (R,B) = (1, 2).

Table 3.4: Setting of Schenkel and Zhang (2021)

Joint sample (R = 1) Rest of population (R = 0)
X = Y Pr(X ̸= Y ) > 0 X = Y Pr(X ̸= Y ) > 0

Classifier B = 1 B = 2 B = 1 B = 2

X ✓ ✓ ✓ ✓
Z ✓ ✓ — —

The generic setting is summarised in Table 3.4. This modelling approach of Schenkel and

Zhang (2021) is applicable in many situations including the example in Section 3.2.1.1.

Table 3.5: Setting of Hui and Walter (1980), Pr(Y = 1|H = 1) ̸= Pr(Y = 1|H = 2)

Joint sample (R = 1) Rest of population (R = 0)
Classifier H = 1 H = 2 H = 1 H = 2

X ✓ ✓ — —
Z ✓ ✓ — —

Hui and Walter (1980) study the efficacy of two diagnostic tests (X,Z) assuming both the

misclassification mechanisms are the same for all the units in the population. A partition

of the population is introduced, where the case prevalence varies across the subpopulations

and the number subpopulations is such that there is enough degrees of freedom to allow

for parameter identification. In the case of binary measurements, a bipartition of the
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population is needed, denoted by H = 1 or 2, yielding (22 − 1)2 = 6 degrees of freedom

for 6 parameters, where the joint subsample sizes by H = 1 or 2 are treated as fixed.

The generic setting is summarised in Table 3.5. Although the approach fails to yield

reasonable estimate of the target Y -proportion of in the application of Schenkel and Zhang

(2021), it may potentially be considered in situations like the example in Section 3.2.1.1.

3.2.1.4 Other related literature

As reviewed in Chapter 2, adjusting for nonprobabillity sample selection mechanism has

received much attention lately; see e.g. Baker et al. (2013b), Elliott and Valliant (2017)

and Zhang (2019). Our setting here involves misclassification of two variables in addition.

There exists a large literature on categorical data analysis in the presence of misclassi-

fication. See the excellent reviews of Kuha and Skinner (1997) and Kuha, Skinner, and

Palmgren (2005), who note in particular a strong tradition in medical studies. For our

purpose here we shall group the methods in three types of situations below.

First, we have the situations where a fallible classifier is available in addition to a sample

of true measurements. Tenenbein (1970) introduces the double sampling methodology for

binary classifiers, where it is assumed that a (simple) random sample is classified by a

cheap but fallible classifier, whereas a subsample is taken from which a more costly infal-

lible classifier is obtained. The subsample, from which we can learn the misclassification

mechanism, may be referred to as a validation sample. It is shown that making use of the

fallible classifier observed outside the validation sample is more efficient than only using

the infallible classifier.

This basic double sampling method can be extended to allow for multinomial variables

(Tenenbein, 1971, 1972). Hochberg (1977) consider hypothesis testing for multidimen-

sional jointly observed data. Hochbeg and Tenenbein (1983) and Chen, Hochberg, and

Tenenbein (1984) extend double sampling to triple sampling, where only the true classifier

is observed in one sample, only the fallible in another and both jointly in a third sample.

See also Chen (1989) for a review of the related methods. Swensen (1988) considers the

setting, where register-based measure variables are fallible and survey variables are infal-

lible. Haitovsky and Rapp (1992) study efficient sampling design of the validation sample

beyond simple random sampling.

Chen (1979) introduces the framework of log-linear models to double sampling, where one

specifies a log-linear model of the misclassification probability matrix, as well as another

log-linear model of the true classifications. The log-linear model framework facilitates

maximum likelihood estimation (MLE) using the EM-algorithm (Dempster, Laird, and

Rubin, 1977); see e.g. Chen (1979, 1989) and Espeland and Odoroff (1985).

Next, we have the situations involving two fallible classifiers without an infallible classifier

generally, where model identifiability requires certain more restrictive assumptions about
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the misclassification mechanisms. To our knowledge below are the only other types of

models to Schenkel and Zhang (2021) and Hui and Walter (1980) in such situations.

Lie, Heuch, and Irgens (1994) study binary (diagnostic) variables from two different health

registers, under the assumption that the positive cases missed by either classifier will all

be correctly classified by the other. While this seems reasonable for their application and

ensures that the model is identifiable, it is not generally suitable to the situations like that

in Section 3.2.1.1.

Qiu et al. (2018) propose two models for confidence interval procedures of the population

proportion. Under both the models, they assume there are no false positives for both

classifiers. Again, this assumption is not applicable to situations like the one in Section

3.2.1.1.

Finally, multiple fallible classifiers without a validation sample have been studied in sit-

uations involving repeated measurements. For instance, for estimating gross labour flows,

misclassification models of reinterview data have been considered by Abowd and Zellner

(1985), Poterba and Summers (1986), Chua and Fuller (1987) and Singh and Rao (1995).

Zhang (2005) proposes a special sparse misclassification model, which does not require

reinterviews.

Latent Markov class analysis is often applied to longitudinal data, which can create enough

degrees of freedom in the observed data; see e.g. Van de Pol and Langeheine (1997),

Vermunt, Tran, and Magidson (2008), Vermunt (2010) and Biemer and Bushery (2000).

The observed classifiers can be conceived as (fallible) indicators of the latent class of

interest. There is a huge literature on latent class analysis or structural equation models in

the longitudinal setting. For instance, Pavlopoulos and Vermunt (2015) apply an extended

hidden Markov model (HMM) to survey and administrative register data on temporary

employment. HMMs are used in many related fields; see e.g. Yoon (2009) for a review

for biological sequence analysis. As illustrated in Schenkel and Zhang (2021), off-the-shelf

HMM models may not perform well in a given application. We do not consider methods

requiring repeated measurements in this case study.

3.2.2 Estimation method

The description of estimation methods below follows largely that of Schenkel and Zhang

(2021).

3.2.2.1 One fallible classifier given a validation sample

The sample of joint observations in Table 3.2 becomes a validation sample, if one observes

X together with the true measurement Y itself instead of another fallible classifier Z. We

briefly review this set-up, by way of introduction to several concepts that are important

later in the setting with two fallible classifiers.
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Validation sample as a random sample from population

Denote by (Xi, Yi) the measurements (X,Y ) associated with each population unit i ∈ U ,

where U = {1, ..., N}. Let X and Y both take values 1, ...,K. In the basic situation, the

validation sample s can be a random sample from the population if {Xi : i ∈ U} are all

known.

Let Θ be the K ×K-matrix of unknown misclassification probabilities, with elements

θxy = Pr(X = x | Y = y) , x, y = 1, ...,K. (3.5)

Each column of the misclassification matrix Θ sums to 1. First, for each i ∈ U , Xi is

assumed to have the multinomial distribution conditional on Yi = y with the probabilities

equation (3.5), independently of any other (Xj , Yj) for j ̸= i ∈ U . Next, due to random

sampling of s, these probabilities hold also in the sample of observations {(Xi, Yi) : i ∈ s},
i.e.

Pr(Xi = x | Yi = y, i ∈ s) = θxy . (3.6)

Using the terminology of Kuha and Skinner (1997), we refer to equation (3.6) as the

assumption of nondifferential misclassification by X with respect to sample inclusion.

Given equation (3.6) for the validation sample, an unbiased estimator of θxy is given by

θ̂xy = nxy/n+y ,

where nxy is the sample cell count, for x, y = 1, ...,K, and n+y =
∑

x nxy.

Let H be the K ×K-matrix of unknown calibration probabilities, with elements

ηyx = Pr(Y = y | X = x) , y, x = 1, ...,K. (3.7)

Each column of the calibration matrix H sums to 1. Given equation (3.6) under random

sampling of s, we have also nondifferential calibration, i.e.

Pr(Yi = y | Xi = x, i ∈ s) = ηyx .

An unbiased estimator of ηxy is given by η̂yx = nxy/nx+, where nx+ =
∑

y nxy.

The population Y -proportions can be estimated either via the misclassification or calibra-

tion probabilities. Let ty be the number of population units with Yi = y. Let µY be the

K-vector of µy = ty/N , y = 1, ...,K. Similarly for tx and µX . In terms of equation (3.5),

we have

E(µX |µY ) = ΘµY .

In case µX is known, it can be used as an estimate of E(µX |µY ), yielding

µ̂Y = Θ̂−1µX ,
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where Θ̂ is the matrix of θ̂xy. Meanwhile, in terms of equation (3.7), we can directly

predict µY by

µ̂Y = ĤµX ,

where Ĥ is the matrix of η̂yx. Notice that if X is only observed in a random sample s∗

from which the validation sample s is taken, as in the case of double sampling, then the

s∗-sample proportions of X can be used as an estimate to replace µX above.

Kuha and Skinner (1997) refer to the estimators above as matrix methods. Given random

sampling of s, one can also consider maximum likelihood estimation (MLE). Suppose X is

known throughout the population, so that the observed data comprise of {(xi, yi) : i ∈ s}
and {xi : i ∈ U \ s}. The likelihood of (Θ, µY ) is given by

L(Θ, µY ) ∝
[ K∏
y=1

K∏
x=1

(
θxyµy

)nxy
] K∏
x=1

( K∑
y=1

θxyµy
)tx−nx+

Tenenbein (1972) shows that the MLE of µY is the same as the matrix method estimator

using the calibration probabilities, such that the calibration matrix method may be more

efficient than the misclassification matrix method. In the case X is only available in a

random sample s∗, one only needs to replace tx above by the corresponding s∗-sample

count.

Validation sample by unknown observation mechanism

Suppose from now on X is known throughout the population and s is a nonprobability

sample with unknown observation mechanism. For instance, the sample of s may arise

from observational studies, or a non-survey data source suffering from population under-

coverage, or it may be a subsample from a probability sample which is affected by unknown

propensities of missing data. Explicit assumptions about the observation mechanism are

then necessary, which can impact the potential methods for misclassification adjustment.

X Y R Y X R X Y R

Figure 3.3: Sample observation mechanism: MCAR (left), MAR (centre), NMAR (right).

Let R be the binary observation indicator, where R = 1 if i ∈ s and 0 otherwise. Following

Rubin (1976), we distinguish particularly between three types of observation mechanisms.

The unobserved units are missing completely at random (MCAR) if R is independent of

(X,Y ), it is missing at random (MAR) if R is independent of Y conditional on X, and

it is not missing at random (NMAR) if it is independent of X conditional on Y . The

independence graphs (Edwards, 2012) of the these mechanisms are shown in Figure 3.3,

where two groups of variables are independent of each other if they are unconnected in

the graph, and two (groups of) variables are conditionally independent given the variables

that separate them in the graph.
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The MCAR assumption is satisfied, given simple random sampling of s, in which case

the joint distribution of (X,Y ) in the sample is the same as that in the rest population.

Otherwise, the misclassification model of X estimated in the validation sample s needs

to be transportable (Kuha and Skinner, 1997) to the units outside the validation sample,

in order for one to use it to estimate µY . Under the MAR assumption, the estimated

calibration probability matrix Ĥ is transportable; whereas under the NMAR assumption,

the estimated misclassification probability matrix Θ̂ is transportable.

Under either the MAR or NMAR model, one can apply the matrix method based on

the corresponding transportable matrix of probabilities. One can also consider MLE.

For instance, under the NMAR model, let µ1Y and µ0Y be the expected in-sample and

out-of-sample proportions of Y , respectively, in the likelihood given by

L(Θ, µ1Y , µ0Y ) ∝
[ K∏
y=1

K∏
x=1

(θxyµ1y)
nxy

][ K∏
x=1

( K∑
y=1

θxyµ0y
)tx−nx+

]
.

The MLE of µ0Y would be the same as that by the misclassification probability matrix

method (Kuha, Skinner, and Palmgren, 2005).

3.2.3 Method of Schenkel and Zhang (2021)

Turning now to the setting of Table 3.2, suppose we are able to observe two fallible

classifiers X and Z jointly in a nonprobability sample s, but only X outside of the sample

s. It is assumed that neither of the two classifiers is necessarily more accurate than the

other.

In the absence of an infallible classifier, building a model for misclassification adjustment

requires attention to model identifiability, in addition to the dependence structure among

the variables. The models of Schenkel and Zhang (2021) are introduced in two steps

below. First, the discriminant B is introduced, which ensures that the misclassification

mechanisms of X and Z are identifiable. This leads to two simple models, which still

contain strong homogeneity assumptions of the sample observation and misclassification

mechanisms. Next, additional covariates are introduced to allow for more relaxed MAR

assumptions of the observation mechanism, as well as heterogeneous misclassification in

different subpopulations.

3.2.3.1 Introducing the discriminant

First, for the classifier X that is observed for the whole population, we assume there exists

a known binary discriminant, denoted by B, such that we have, in the population,

Pr(Y = X | B = 1) = 1 (3.8a)

Pr(Y = y | X = x,B = 2) = ηyx . (3.8b)

The idea is quite simple. Given X = Y conditional on B = 1, the joint sample of (Z,X)

becomes a validation sample of (Z, Y ) for those units. The unknown sample observation
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mechanism is then the only issue given B = 1. Thus, provided suitable conditions for the

misclassification mechanism by Z to be transportable from those with B = 1 to the others

with B = 2, one would be able to disentangle the misclassification mechanism by X given

B = 2 from the joint distribution of (Z,X) in the corresponding subsample.

B

Z Y X R

B

Z Y X R

Figure 3.4: Independence graphs of model M0 (left) and model MB (right): true mea-
surement Y , fallible classifiers (X,Z), joint sample observation indicator R,
discriminant B.

Table 3.6: Subsample conditional probabilities Pr(Z = z | X = x,B,R = 1).

B = 1 B = 2
Z X = 1 . . . X = x . . . X = K X = 1 . . . X = x . . . X = K

1 λ11 . . . λ1x . . . λ1K ψ11 . . . ψ1x . . . ψ1K
...

...
. . .

...
. . .

...
...

. . .
...

. . .
...

z λz1 . . . λzx . . . λzK ψz1 . . .
∑K

y=1 λzyηyx . . . ψzK
...

...
. . .

...
. . .

...
...

. . .
...

. . .
...

K λK1 . . . λKx . . . λKK ψK1 . . . ψKx . . . ψKK

Figure 3.4 gives the independence graphs of two models of (Y,X,Z,B,R). Under the

first model M0, we assume MCAR for R; under the second model MB, we assume MAR

for R given (X,B). In either case, Z is independent of (X,B,R) conditional on Y , i.e.

nondifferential misclassification with respect to (X,B,R), denoted by

Pr(Z = z | Y = y,R = 1, B,X) = Pr(Z = z | Y = y) ≡ λzy (3.9)

Moreover, under either model, (Z, Y ) are conditionally independent of R given (X,B), i.e.

Pr(Z, Y | X,B,R = 1) = Pr(Z, Y | X,B), such that we obtain

ψzx ≡ Pr(Z = z | X = x,B = 2, R = 1) =

K∑
y=1

λzyηyx (3.10)

by integrating out Y from Pr(Z = z, Y = y | X = x,B = 2), where λzy given B = 1 is

transportable to B = 2 by equation (3.9), and ηyx is the calibration probability of Y = y

given X = x. The conditional probabilities Pr(Z = z | X = x,B,R = 1) by equation (3.9)

or equation (3.10) for the two subsamples given (R,B) = (1, 1) or (R,B) = (1, 2) are

summarised in Table 3.6.
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3.2.3.2 Introducing additional covariates

Under the models in Figure 3.4, the sample observation indicatorR is independent of all the

other variables underM0, it is conditionally independent of (Y,Z) given (X,B) underMB.

These are fairly strong assumptions that may be unrealistic in many applications. Indeed,

allowing B in addition to X to control for R underMB is unlikely to be a useful relaxation

of using only X, since the discriminant B is defined with in mind the misclassification

mechanism of X. Moreover, the same model of misclassification by Z is assumed to hold

for everyone and the same model of X needs to hold for everyone given B = 2, although

in reality these misclassification mechanisms may not be homogeneous as such.

A reasonable approach is to introduce additional covariates, just as it is commonly prac-

tised when modelling survey nonresponse or nonprobability sample selection mechanism

in the absence of misclassification. Let A denote the relevant known covariates, by which

the model can allow for greater heterogeneity of the sample observation mechanism, as

well as the misclassification mechanism of Z in the population and that of X given B = 2.

B

Z Y X R

A

Figure 3.5: Independence graph of model MAB: true measurement Y , fallible classifiers
(X,Z), joint sample observation indicator R, discriminant B, other covariates
A.

First, for the calibration probabilities of Y given X in the population, the discriminant

assumption equation (3.8) is modified to include the additional covariates A, i.e.

Pr(Y = X | B = 1, A) = 1 (3.11a)

Pr(Y = y | X = x,B = 2, A = a) = ηyx|a . (3.11b)

Next, denote by MAB the model whose independence graph is given in Figure 3.5, where

we allow A to be connected to all the other variables in the graph. Under MAB, misclas-

sification by Z is nondifferential with respect to (X,B,R) conditional on A, i.e.

Pr(Z = z | Y = y,A = a,X,B,R) = Pr(Z = z | Y = y,A = a) ≡ λzy|a . (3.12)

Note that equation (3.12) is similar to equation (3.9), albeit with conditioning on A in addi-

tion. Moreover, similarly as for ψzx by equation (3.10) underMB, (Z, Y ) are conditionally

independent of R given (X,A,B), i.e. Pr(Z, Y | X,A,B,R = 1) = Pr(Z, Y | X,A,B),

such that

ψzx|a ≡ Pr(Z = z | X = x,A = a,B = 2, R = 1) =

Y∑
y=1

λzy|aηyx|a . (3.13)
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Thus, the model MAB defined by equation (3.11), equation (3.12) and equation (3.13)

encompasses the model MB defined by equation (3.8), equation (3.9) and equation (3.10).

3.2.3.3 Estimation

Provided the sample size accommodates it, one may define A to be a population strati-

fication variable based on the relevant covariates. A matrix method follows immediately.

For A = a, let Λa be the matrix of probabilities λzy|a and Ψa that of ψzx|a. Given B = 2

and R = 1, under model MAB, we have

Ψa = ΛaHa .

Provided the inverse matrix exists, the estimator of Ha is given by

Ĥa = Λ̂−1
a Ψ̂a ,

where Λ̂a is estimated from the subsample of (Z,X) given (A,B) = (a, 1), and Ψ̂a from

the subsample of (Z,X) given (A,B) = (a, 2), similarly as when Θ̂ is estimated from the

validation sample of (X,Y ) described earlier.

Next, let µX|ab be the vector of subpopulation proportions of X given (A,B) = (a, b).

Similarly for µY |ab, where µY |a1 = µX|a1 by equation (3.11a), and an estimator of µY |a2 is

given by

µ̂Y |a2 = Ĥa µX|a2 .

The estimator µ̂Y |a2 is easily consistent, asymptotically as all the stratum sample sizes tend

to infinity. Variance estimators for Ĥa and µ̂Y |a can be obtained by linearisation, although

the derivation can be tedious. Bootstrap is more convenient (Schenkel and Zhang, 2021).

One can also consider MLE, using the stratum-specific misclassification probabilities Λa

given A = a and Θa given (A,B) = (a, 2). The stratum likelihood is given by

La(Λa,Θa, µY |a2) ∝
[ K∏
x=1

K∏
z=1

λ
nzx|a1
zx|a

]
[ K∏
x=1

K∏
z=1

( K∑
y=1

θxy|aλzy|aµy|a2
)nzx|a2

][ K∏
x

( K∑
y=1

θxy|aµy|a2
)mx|a2

]
,

where nzx|ab is the sample cell count given (A,B) = (a, b), and mx|a2 = tx|a2−
∑K

z=1 nzx|a2
is the out-of-sample total of X = x given (A,B) = (a, 2). As shown in Schenkel and Zhang

(2021), the MLE of µy|a2 is the same as the matrix method estimator above. Moreover,

they point out that the MLE is also applicable given more parsimonious specifications of

λzy|a and θxy|a in terms of the covariates A, say, Λa = Λ(a, λ) and Θa = Θ(a, θ) with

respective parameter vectors λ and θ. The likelihood is then given by

L(λ, θ, µY |a2) =
∏
a

La(Λa,Θa, µY |a2) .
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3.2.4 Method of Hui and Walter (1980)

Let X and Z be two fallible classifiers (such as diagnostic tests) of the true measurement

Y . Hui and Walter (1980) assume conditionally independent and homogeneous misclassi-

fication mechanisms in the population

Pr(Z = z | Y = y,X,H) = Pr(Z = z | Y = y) = λzy (3.14a)

Pr(X = x | Y = y, Z,H) = Pr(X = x | Y = y) = θxy (3.14b)

and that the population model equation (3.14) holds in the joint sample of (Z,X). Note

that their method is valid given any of the independence graphs in Figure 3.6, which

correspond to MCAR, MAR or NMAR sample selection, respectively.

H R

Z Y X

H R

Z Y X

H R

Z Y X

Figure 3.6: Model MH can be any of independence graphs: true measurement Y , fallible
classifiers (X,Z), joint sample observation indicator R, subpopulation indica-
tor H.

The unknown parameters are all the subpopulation Y -proportions µY and the misclassi-

fication probabilities Λ and Θ. The likelihood based on the joint sample is given by

L(Λ,Θ, µY ) ∝
∏
h

K∏
x=1

K∏
z=1

( K∑
y=1

θxyλzyµy|h

)nzx|h
.

over the subpopulations h. In the case X is also known outside the joint sample, let

mx|h be out-of-sample population total of X = x in the subpopulation with H = h. The

likelihood based on the joint sample of (X,Z) and the rest X is given by

L(Λ,Θ, µY ) ∝
∏
h

K∏
x=1

K∏
z=1

( K∑
y=1

θxyλzyµy|h

)nzx|h
K∏
x=1

( K∑
y=1

θxyµy|h

)mx|h
.

The EM algorithm can be applied generally to obtain the MLE. However, in the important

practical case of K = 2, creating two subpopulations — H = 1, 2 — yields a saturated

model with 6 unknown parameters (µ1|1, µ1|2, θ0|1, θ1|0, λ0|1, λ1|0) and 6 degrees of freedom,

where the joint sample sizes
∑

z

∑
x nzx|1 and

∑
z

∑
x nzx|2 are considered as fixed in each

subpopulation. The MLE can then be given in a closed form (Hui and Walter, 1980).

As usual, additional covariates A can be introduced to allow for more flexible assumptions

of heterogeneous selection and misclassification mechanisms, yielding the model MAH

instead of MH . Figure 3.7 gives the independence graphs in correspondence with those

in Figure 3.6. Let the unknown parameters be the stratified Y -proportions µY |a in the

subpopulations by A, and the stratified misclassification probabilities Λa and Θa. The
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Figure 3.7: Model MAH can be any of independence graphs: true measurement Y , fallible
classifiers (X,Z), joint sample observation indicator R, subpopulation indica-
tor H, covariates A.

stratum joint-sample likelihood is given by

L(Λa,Θa, µY |a) ∝
∏
h

K∏
x=1

K∏
z=1

( K∑
y=1

θxy|aλzy|aµy|ah

)nzx|ah
.

Whereas if X is also known outside the joint sample, then the stratum likelihood based

on the joint sample of (X,Z) and the rest X is given by

L(Λa,Θa, µY |a) ∝
∏
h

K∏
x=1

K∏
z=1

( K∑
y=1

θxy|aλzy|aµy|ah

)nzx|ah
K∏
x=1

( K∑
y=1

θxy|aµy|ah

)mx|ah
.

3.2.5 A simulation study

To focus on the essentials of the approaches of Schenkel and Zhang (2021) and Hui and

Walter (1980), suppose we have binary measurements, two subpopulations either by B or

H, and no additional covariates A. Estimation by the model MB has then two central

assumptions: (i) given the discriminant B = 1, we have X = Y , and (ii) misclassification

by Z is transportable across B = 1 or 2. Whereas under the model MH , one assumes (ii)

across H = 1 or 2, and (i)’ misclassification by B is transportable as well. Notice that

both the models MB and MH assume conditional independent X and Z given Y and B

(or H), and the selection mechanism of R = 1 is such that the population model holds

also in the joint sample.

Below we use simulations to explore the effects of these assumptions, where we evaluate

the performance of the estimator by the model MB as we deviate from assumptions (i)

and (ii) above, and the estimator by the model MH as we deviate from assumptions (i)’

and (ii).

We shall use the same settings regarding R, Y and B (orH). The joint sample (R = 1) will

be stratified and proportionally allocated with respective toB or (H), with the same overall

sampling fraction, denoted by n/N . Next, Table 3.7 lists four subpopulation settings,

where the subpopulation of B = 1 (or H = 1) may be relatively small (30% of the

population) or large (80% of the population) compared to that of B = 2 (or H = 2), and

the subpopulation target proportions of Y = 1 vs. Y = 2 may be relatively similar (0.55
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Table 3.7: Subpopulation settings of by B (or H)

Setting Pr(B = 1) Pr(Y = 1 | B = 1) Pr(Y = 1 | B = 2) Pr(Y = 1)

I 0.3 0.55 0.5 0.515
II 0.3 0.8 0.3 0.45
III 0.8 0.55 0.5 0.54
IV 0.8 0.8 0.3 0.7

vs. 0.5) or different (0.8 vs. 0.3) to each other. The overall target proportion Pr(Y = 1)

is also given in Table 3.7.

3.2.5.1 Results for model MB

Schenkel and Zhang (2021) describe a simulation study which is related to their application.

Here we explore different set-ups. Let the matrix Θ of Pr(X | Y,B = 2) be

Θ =

(
0.95 0.10

0.05 0.90

)

Under assumption (i) of the discriminant, we should have Pr(X = Y | B = 1) = 1, i.e.

the identity matrix given B = 1. Given any Pr(Y = 1 | B) in Table 3.7, we obtain

Pr(X = 1) = Pr(Y = 1, B = 1) + 0.95 · Pr(Y = 1, B = 2) + 0.1 · Pr(Y = 0, B = 2)

as the face-value estimator of the target population proportion Pr(Y = 1). In the plots

below, Pr(Y = 1) is marked by a solid horizontal line, whereas the two dashed horizontal

lines mark the region in which the expectation of a given estimator is closer to the target

proportion than this face-value estimator.

To explore how an estimator derived under the model MB would behave, when the data

are actually generated by mechanisms that depart from those assumed by the model, we

vary the probability matrices Θ′ and Λ′ in the subpopulation with B = 1 as follows.

First, instead of settingΘ′ to be the identity matrix, we draw a value for Pr(X = 1 | Y = 1)

randomly from (b1, 1) where b1 > 0.95 in Θ, and we draw Pr(X = 0 | Y = 0) randomly

from (b2, 1) where b2 > 0.90 in Θ. Let X be generated under Θ′ given B = 1, or under

Θ given B = 2. By moving b1 and b2 towards 1, we can make the assumption (i) nearly

satisfied; whereas by moving them towards their respective lower bounds, we can corrupt

the assumption. As explained by Schenkel and Zhang (2021), the introduction of the

discriminant B requires knowledge and experience with the source that generates X, in

which case it should be possible to assess the definition of B = 1 either retrospectively

or otherwise and control how far Θ′ is from the identity matrix. Of course, the resulting

marginal proportion of B = 1 may vary in different situations, as in the settings of Table

3.7.
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Next, let the matrix Λ of Pr(Z | Y,B = 2) be

Λ =

(
0.9 0.2

0.1 0.8

)

whereas we letΛ′ given B = 1 to differ for departures from the transportability assumption

(ii). Specifically, we draw a value for Pr(Z = 1 | Y = 1, B = 1) randomly from (0.8, 1)

which is centred around 0.9 in Λ, and we draw Pr(Z = 0 | Y = 0, B = 1) randomly from

(0.6, 1) centred around 0.8. Let Z be generated under Λ′ given B = 1, or under Λ given

B = 2.
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Figure 3.8: Results for MB in Setting-I. Top row: assumption (i) nearly satisfied

Given the simulated parameters (Θ′,Λ′) for the subpopulation with B = 1, we calculate

the expectation of the estimator derived under the model MB. The results for 9000 such

simulated scenarios in Setting-I are given in Figure 3.8.
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In the top row, we have (b1, b2) = (0.995, 0.990), such that the discriminant assumption (i)

is nearly satisfied. The box-plot in the middle summarises all the 9000 simulated scenarios.

We can see that as the transportability assumption (ii) is violated in the random but non-

extreme manner described above, the estimator based on the mistaken model MB is still

centred on the target proportion Pr(Y = 1). However, many estimators can be more

biased than the face-value estimator (when the model assumptions are correct), if the

departure from the transportability assumption (ii) is too large. In the plot to the left,

the scenarios are divided into two groups, where we have

Pr(X = 1 | B = 1)− Pr(Y = 1 | B = 1) < 0.002

in the first group and the rest in the second group. Apparently, the performance of the

model-based estimator is not sensibly distinguished by this criterion. In the plot to the

right, the first group consists of those scenarios, where

|Λ′
11 − Λ11| < 0.05 and |Λ′

22 − Λ22| < 0.05

and the second group the rest where the departure from the transportability assumption

is greater. This can be seen to affect more effectively the performance of the estimator.

Indeed, with these bounds of differential misclassification, the model-based estimator is

mostly likely to be less biased than the face-value estimator (when the model assumptions

are correct), such that the risk may be worth taking.

We have (b1, b2) = (0.95, 0.90) in the bottom row of Figure 3.8, such that the discriminant

assumption (i) can be greatly violated, as long as misclassification is still less severe given

B = 1 than B = 2. The left plot is given by restricting the error Pr(X = 1 | B =

1)− Pr(Y = 1 | B = 1) as above, whereas the middle plot is given by restricting the first

group to those departures from the discriminant assumption where

|Θ′
11 −Θ11| < 0.01 and |Θ′

22 −Θ22| < 0.025

However, neither is an effective performance criterion. The right plot is given by restricting

the departures from the transportability assumption as above, which is again seen to be

effective despite greater violation of the discriminant assumption at the same time.

Figure 3.9 shows similarly the simulation results in Setting-II, where the discriminant

assumption is either nearly satisfied (top row) or can be greatly violated (bottom row).

In Setting-II, the subpopulation target proportion Pr(Y = 1 | B = 1) differs greatly to

Pr(Y = 1 | B = 2), in which sense the discriminant B can be said to be informative. It is

seen from the bottom row that greater violation of the discriminant assumption can now

cause the bias of the estimator to be less predictable: the median of expectation of the

estimator is centred on the target Pr(Y = 1) across the simulated scenarios, only in the

first group in the middle plot which directly restricts the departures from the discriminant

assumption. Notice that restricted departures from the transportability assumption is
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Figure 3.9: Results for MB in Setting-II. Top row: assumption (i) nearly satisfied

again seen to be the main factor for limiting the range of the bias of the model-based

estimator.

The results are similar as the subpopulation size varies, i.e. Pr(B = 1) = 0.8 instead as

0.3 above, as illustrated in Figure 3.10 for Setting-III (top row) and Setting-IV (bottom

row), where the discriminant assumption is nearly satisfied.

As pointed out by Schenkel and Zhang (2021), although none of the model assumptions can

the exactly satisfied in reality, useful improvements of the face-value estimator Pr(X =

1) can often be achieved provided these assumption are approximately satisfied. The

simulation results here are obtained when the selection mechanism R = 1 of the joint

sample is satisfied. Provided this is the case, the results suggest that the discriminant

assumption is more important with respect to the ‘centre’ of the model-based estimator,

as the transportability assumption is violated in a ‘random’ fashion; whereas restricted

departures from the transportability assumption is more important with respect to the
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Figure 3.10: Results for MB, assumption (i) nearly satisfied. Top row, Setting-III; bottom
row, Setting-IV

‘range’ of the model-based estimator, even when the discriminant assumption is greatly

violated.

This leads to the following recommendation for the application of modelMAB generally. It

is not critical if Pr(B = 1|A) varies by the definition of B = 1. Above all, the discriminant

B should aim at achieving

Pr(X ̸= Y | B = 1, A) ≪ Pr(X ̸= Y | B = 2, A)

Next, provided this is the case, the covariates A should be introduced in order to reduce

the selectivity and differential misclassification of the second classifier Z, i.e.Pr(Z, Y | X,A,B,R = 1) ≈ Pr(Z, Y | X,A,B,R = 0)

Pr(Z | Y,A,B = 1) ≈ Pr(Z | Y,A,B = 2)
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Provided such (A,B), the estimator derived under the model MAB of Schenkel and Zhang

(2021) would likely yield useful improvements of the face-value estimator Pr(X = 1).

3.2.5.2 Results for model MH

We explore the model of Hui and Walter (1980) using the same Θ for X and Λ for Z given

H = 2, as above given B = 2. Departures form the double transportability assumption,

for both X and Z, are introduced as above for Λ′, yielding Θ′ for Pr(X | Y,H = 1) and

Λ′ for Pr(Z | Y,H = 1), respectively. An extra simulation control is used for Θ′, wherePr(X = 1 | Y = 1, H = 1) ∈ (0.95− b1, 0.95 + b1)

Pr(X = 0 | Y = 0, H = 1) ∈ (0.90− b2, 0.90 + b2)

By reducing b1 and b2 towards 0, we can make the transportability assumption (i)’ nearly

satisfied for the classifier X.
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Figure 3.11: Results for MB in Setting-I. Top row: assumption (i)’ nearly satisfied
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Given the simulated parameters (Θ′,Λ′) for the subpopulation with H = 1, we calculate

the expectation of the estimator derived under the model MH . The results for 9000 such

simulated scenarios in Setting-I are given in Figure 3.11.

In the top row, we have (b1, b2) = (0.005, 0.005), such that the transportability assumption

(i)’ is nearly satisfied. The box-plot in the middle summarises all the 9000 simulated

scenarios, where the horizontal lines mark the range of less biased estimators compared to

the face-value estimator Pr(X = 1) when the transportability assumption (i)’ is exactly

satisfied. We can see that as the transportability assumption (ii) is violated in the random

but non-extreme manner described above, the estimator based on the mistaken model

MH does not centre on the target proportion Pr(Y = 1). One can contrast this to the

corresponding plot in Figure 3.8 to appreciate the difference between the discriminant and

transportability assumptions.

In the left plot of the top row (Figure 3.11), the first group is defined by placing the same

restriction on Λ′ as above, i.e.

|Λ′
11 − Λ11| < 0.05 and |Λ′

22 − Λ22| < 0.05

This restricts the range of the bias, as well as making the model-based estimator centred

at the target population Pr(Y = 1). In the right plot, an additional restriction is applied

to Θ′ similarly, i.e.

|Θ′
11 −Θ11| < 0.05 and |Θ′

22 −Θ22| < 0.05

Of course, in this case there is no difference between the left and right plots, because all

the simulated Θ′ satisfy this restriction already.

The effects of dual transportability becomes visible in the bottom row of Figure 3.11,

where only Λ′ is restricted in the first group of the left plot, only Θ′ is restricted in the

first group of the middle plot, and both Λ′ and Θ′ are restricted in the first group of the

right plot. It can be seen restricting Λ′ for the weaker classifier Z here is more important

for limiting the range of the bias, whereas restrictions on both Λ′ and Θ′ are needed (right

plot) to make the estimator nearly centred on the target Pr(Y = 1) in the presence of

‘random’ departures from the dual transportability assumption.

Figure 3.12 shows similarly the simulation results in Setting-II, where the transportability

assumption for X is either nearly satisfied (top row) or can be greatly violated (bottom

row). Setting-II differs to Setting-I in that the subpopulation target proportions Pr(Y =

1 | H = 1) and Pr(Y = 1 | H = 2) differ greatly from each other, in which sense H can

be said to be informative. As before, restrictions on departures from the transportability

assumption for the weaker classifier is effective for limiting the range of the bias. The main

difference to Figure 3.11 in Setting-I is that the estimator is now centred on the target

Pr(Y = 1) across the simulated scenarios. Thus, strong informativeness of H appears

beneficial to this approach.
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Figure 3.12: Results for MH in Setting-II. Top row: assumption (i)’ nearly satisfied

The results are similar as the subpopulation size varies, i.e. Pr(H = 1) = 0.8 instead as

0.3 above, as illustrated in Figure 3.13 for Setting-III (top row) and Setting-IV (bottom

row), where the transportability assumption for X is nearly satisfied.

This leads to the following tentative recommendation for the application of model MAH

of Hui and Walter (1980). It is not critical if Pr(H = 1 | A) varies with the definition

of H = 1. Above all, the choice of H should ensure highly differential subpopulations in

terms of the true measurement Y , i.e.

Pr(Y | H = 1, A) ̸= Pr(Y | H = 2, A)
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Figure 3.13: Results forMH , assumption (i)’ nearly satisfied. Top row, Setting-III; bottom
row, Setting-IV

Next, provided this is the case, the covariates A should be introduced in order to reduce

the selectivity and differential misclassification of the weaker classifier Z, i.e.Pr(Z, Y | X,A,H,R = 1) ≈ Pr(Z, Y | X,A,H,R = 0)

Pr(Z | Y,A,H = 1) ≈ Pr(Z | Y,A,H = 2)

Provided such (A,H), the estimator derived under the model MAH of Hui and Walter

(1980) would likely yield useful improvements of the face-value estimator Pr(X = 1).

3.2.6 Summary

In the absence of repeated measurements, we have reviewed and studied two existing mod-

elling approaches for adjusting two fallible classifiers jointly observed in a nonprobability

sample.
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The approach of Schenkel and Zhang (2021) can be natural provided knowledge and expe-

rience with the population data source, from which the stronger classifier X is obtained.

It is then often possible to define a discriminant B, such that the observed proportions of

X given B = 1 are acceptable estimates of the corresponding target proportions in this

subpopulation. Provided additional covariates A are available for reducing the selectivity

of the joint sample of (Z,X) and the differential misclassification of Z given B = 1 or

B = 2, the estimator of the target proportions under the model MAB of Schenkel and

Zhang (2021) would likely improve the face-value estimates Pr(X | A,B = 2).

The approach of Hui and Walter (1980) can be considered provided it is possible to create

subpopulations where the target proportions vary greatly, across which both the classifiers

are transportable. Additional covariates A are needed to reduce the selectivity of the joint

sample of (Z,X), as well as the differential misclassification of the weaker classifier Z.

Conditional on A, the choice of subpopulations indexed by H has two concerns simulta-

neously: on the one hand, Pr(Y | A,H) should be as much differential as possible as H

varies; on the other hand, Pr(Z | Y,A,H) should be as little differential as possible as H

varies.

Since any model assumptions are unlikely to be exactly satisfied in applications, it is very

important to carefully analyse the extent to which the data may deviate from the assumed

mechanisms of selectivity and misclassification in a given situation, in order to determine

which modelling approach may be appropriate.
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3.3 Compensating Selectivity in a Web Survey: A Simulation Study

Simon Lenau and Ralf Münnich

Trier University

To illustrate, evaluate and compare the fundamental paradigms for dealing with selectiv-

ity in non-probability samples discussed in chapter 2, a Monte-Carlo simulation study is

presented in the current section 3.3. In contrast to classical probability sampling designs,

non-probability selection mechanisms are usually not completely controlled by the re-

searcher. Although the core challenges of non-probability sampling resemble the effects of

complex sampling designs, a realistic simulation setup for non-probability sampling does,

therefore, require more assumptions than for classical probability sampling (cf. chapter

1.2; Buelens, Burger, and van den Brakel, 2018; Lenau, 2021; Rafei, Flannagan, and El-

liott, 2020). The following section 3.3.1 describes the setup of the simulation study, while

the results are presented in section 3.3.2.

3.3.1 Setup of the Simulation Study

To consider a realistic population, the simulation study is based on the synthetic AMELIA

population, “which provides a realistic framework for open and reproducible research”

(Burgard et al., 2017b). Constituting a sound artificial population of households and

persons for evaluating statistical methods through Monte Carlo simulations, AMELIA

is designed to mimic the EU-SILC (European Union Statistics on Income and Living

Conditions) population. The original synthetic population is an output of the AMELI

(Advanced Methodology for European Laeken Indicators) project, with further extensions

being developed within the InGRID and InGRID2 project (cf. Graf et al., 2011; Merkle,

Burgard, and Münnich, 2016). Detailed descriptions of the data and its generation are

provided by Alfons et al. (2011), Kolb (2012) as well as Burgard et al. (2017a,b).

To construct a realistic non-probability selection mechanism for all elements in this pop-

ulation, the sampling mechanism of the WageIndicator web survey (WI) is represented

in form of a GLM. The WI is a continuous voluntary web survey implemented by an

international non-profit organization. The international online portal is accessible via

https://wageindicator.org. It carries out online surveys in 143 countries and 56 lan-

guages (as of February 2020; cf. Tijdens, 2020). The primary aim of this organization

is to improve labor market transparency through gathering and publishing wage-related

information. Because sample inclusion in the WI is determined by the active decision of

potential respondents to visit the homepage and participate in the survey, it constitutes a

non-probability sample. A comprehensive overview of the motivation and methods of the

WI is given by Tijdens (2008) and Tijdens et al. (2010).

Since a non-probability sampling process cannot be assessed from a single realized non-

probability sample alone (cf. chapter 2), propensity models based on the German WI

sample from 2012 are used to obtain inclusion probabilities for sampling throughout the

simulation. As a reference sample for fitting this response model, the 2012 German Mi-
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crocensus is used. It can be considered as a source of high-quality auxiliary information

since it is a 1% probability sample of the German resident population drawn by the federal

statistical offices. Furthermore, participation and disclosure of a large variety of variables

are established by law (cf. e.g. Statistisches Bundesamt, 2013, 2017).

For the purpose of the simulation, two nested logit GLMs are considered for representing

the propensity to participate in the non-probability sample. The regression coefficients of

these models are summarized in table 3.8. The first model is referred to as the missing-

at-random (MAR) setting, because it assumes that sample inclusion does not depend on

income as the actual variable of interest. Only gender, age, country of birth as well as

education are used as independent variables for this model. As is evident from the coeffi-

cients, there are more younger and male respondents in the WI than in the Microcensus,

while education seems to have a non-linear effect. In contrast, the second model repre-

sents the missing-not-at-random (MNAR) case, since it additionally considers the effect

of income. In general, higher incomes seem to be over-represented in the WI (cf. Rubin,

1987). A more in-depth evaluation and discussion of the WI’s selectivity is provided by

Lenau (2021).

The two propensity models summarized in table 3.8 are used to estimated two distinct

participation probabilities for each element in the whole AMELIA population. Using these

as assumed inclusion probabilities, non-probability sampling is then simulated by means

of unequal probability sampling in the MAR and MNAR scenario. The probabilities are

considered to be unknown for estimation, which is the common scenario for real cases of

non-probability sampling (cf. chapter 1.2). Reference samples in the simulation are selected

by simple random sampling without replacement for the sake of simplicity, although they

often originate from complex sampling designs in reality. This seems justified because

the effects of such complex designs are of negligible interest when the aim is to evaluate

methods for non-probability samples.

For the following estimation methods, the variables used in the MAR model (gender,

age, education and whether a person was born in the current country of residence) are

considered to be auxiliary variables for which external information is available. This

external information may either be micro data for the reference sample, or population

totals. An augmented set of auxiliary variables that additionally contains the current

employment status is furthermore considered. The employed estimation strategies include

those discussed in sections 2.1 to 2.3:

Naive estimates

treat the non-probability sample as if it was a simple random sample. These are

included as a baseline and point of reference.

Propensity weighting

is introduced in section 2.2.1. A generalized linear and a generalized additive par-

ticipation model specification are considered for modeling the selection process.
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Table 3.8: Coefficients of the two participation propensity (generalized linear logit) models
underlying the simulation

Variable Variable level Selectivity Scenario

MAR MNAR

Intercept 1.737 -1.996

Gender Female -0.745 -0.212

Age -0.023 -0.041

Born in country of residence No 0.361 0.335

ISCED Level 2 -0.907 -0.865

3 -2.892 -3.632

4 -0.202 -1.238

5 -3.194 -4.739

Income class 150 – 300 =C 0.779

300 – 500 =C 1.466

500 – 700 =C 1.602

700 – 900 =C 2.623

900 – 1100 =C 3.415

1100 – 1300 =C 3.662

1300 – 1500 =C 3.970

1500 – 1700 =C 4.179

1700 – 2000 =C 4.337

2000 – 2300 =C 4.582

2300 – 2600 =C 4.681

2600 – 2900 =C 4.927

2900 – 3200 =C 4.874

3200 – 3600 =C 5.117

3600 – 4000 =C 5.117

4000 – 4500 =C 5.150

4500 – 5000 =C 4.853

5000 – 5500 =C 4.894

5500 – 6000 =C 4.636

6000 – 7500 =C 4.530

7500 – 10000 =C 3.770

10000 – 18000 =C 4.430

> 18000 =C 7.069

Omitted levels correspond to the reference category for each variable

58



Calibration weighting is outlined in section 2.2.2. The GREG as the most popular

example of this strategy is applied in the simulation.

Model-based strategies

include matching as well as generalized linear and additive regression models, which

are introduced in section 2.1.

Combinations of calibration or prediction methods with propensity models

include the Heckman model introduced in section 2.3.2 as well as a common approach

that calculates response propensity weights and calibrates them by means of the

GREG in a second step (cf. e.g. Enderle, Münnich, and Bruch, 2013; Lee and

Valliant, 2009; Lenau, 2021; Valliant and Dever, 2011).

The performance of the different compensation methods for non-probability samples in

this simulation setting is presented in the following section 3.3.2.

3.3.2 Results of the Simulation Study

Figure 3.14 shows the results for estimating the mean income in the outlined simulation

setup. The two columns of the grid correspond to the MAR and MNAR participation

scenario discussed above (cf. table 3.8). Represented in the grid rows are the different

sets of auxiliary variables that are used for the prediction or calibration model on the

one and the response propensity model on the other hand. Using the two nested sets of

auxiliary variables for each of these methods results in the combinations represented in

figure 3.14. Within the grid cells defined by these rows and columns, the distributions

of estimates resulting from each of the different methods is shown in form of boxplots.

The mean of the respective estimates over all simulation runs is depicted as a purple line

within each box. The true population value is represented by a red line. This is the

benchmark that an unbiased estimate should meet in expectation. Denoted in the two

columns next to the boxes are the corresponding values of the relative bias (RBias) and

relative root-mean-squared error (RRMSE).

From these results, it is evident that naive estimates are considerably biased in both

participation scenarios, resulting in -28.4 and -18% bias in the MAR and MNAR case,

respectively. Propensity weighting alone can decrease this bias to some degree in the MAR

case, where it leads to biases between -20 and -19%. In the MNAR setting, however, it

results in over-adjustment, introducing a positive bias between 31 and 35%. Propensity

weighting is improved only slightly when using the augmented set #2 of auxiliary variables

in the MNAR case. Considering the calibration and prediction methods, the amount of bias

reduction in the MAR case is much more pronounced, and all methods can be improved

by using the augmented set of auxiliary variables. In general, the closely related GREG

and GLM approach yield rather similar results, and are generally outperformed by GAMs

in terms of bias as well as MSE. The best results in terms of prediction are obtained by

matching, which reduces the Rbias to 2.5% or 1.9% in the MAR cases, depending on the

auxiliary variables that are used for matching. However, the bias that occurs in the MNAR
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Figure 3.14: Estimated mean income
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case is severe in all cases of calibration or prediction since the over-compensation is far

stronger than for the propensity weights discussed above. When combining the ideas of

propensity models with prediction or calibration techniques, similar problems occur in the

MNAR scenarios. Furthermore, the Heckman model is highly unstable even in the MAR

setting. As a consequence, it is hardly useful in the present context. This is caused by

the fact that this model is highly vulnerable to violated assumptions (cf. section 2.3.2). In

contrast, the combination of propensity and calibration weighting seems to be a valuable

improvement over using either of the methods alone when selectivity is MAR. Especially

when the augmented variable set is used for calibration, this joint usage achieves similar

biases and better MSEs in comparison to matching.

To not only consider estimates for linear and univariate statistics, figure 3.15 represents

results when estimating the correlation between age and income. The structure and set-

tings represented in this figure are the same as above. Similarly as before, the naive

estimates exhibit a tremendous positive relative bias of 187 and 272% in the MAR and

the MNAR case, respectively. Although propensity weighting reduces the bias in both

scenarios, it is not sufficient to compensate for selectivity. The resulting estimates are still

considerably higher than the true population value, such that the resulting relative biases

ranges from 143 to 219%, depending on the selection mechanism and the variables that are

used for the response model. When considering calibration estimators, it is evident that

the GREG results in over-compensation of the bias in all scenarios of participation and

auxiliary information. It generally under-estimates the true correlation coefficient, with

relative biases lying between −112 and −32%. Similarly, the model-based estimates do

not seem appropriate to reduce the selection bias for estimated correlations. All resulting

estimates are clearly too high in comparison to the true population correlation, which is

caused by the fact that the underlying statistical models generally use age as a predictor for

income. This is because the common approach to simply use predictions for model-based

estimation (cf. section 2.1) ignores any conditional (or residual) variance or covariance

components. For model-based estimation of statistics that are based on (co-)variances or

other higher moments of one or multiple variables, it therefore seems advisable to also

consider variance components that are not explained by the model (cf. also Elliott and

Valliant, 2017; Lenau, 2021; Rafei, Flannagan, and Elliott, 2020). In the current set-

ting, however, model-based estimates of the correlation are generally worse than GREG

estimation in terms of the absolute bias as well as the MSE and, therefore, not really

appropriate for compensating non-probability sample selection. As for the mean income,

matching outperforms generalized linear and additive models and, therefore, seems to be

the most appropriate of the model-based approaches in the current results. With relative

biases ranging from 82 to 185%, however, this method is still not really useful for obtaining

reliable estimates. In contrast, the estimates obtained when combining propensity score

with calibration weighting appear clearly more useful in both scenarios of selectivity. In

the MAR case, the bias can be reduced to -12.4%. Surprisingly, even better results are

obtained for the MNAR case, where only a minor amount of 0.5% relative bias remains.

Based on these results, it seems that using a larger set of variables for calibration than for
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Figure 3.15: Estimated correlation between age and income
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the response model may be beneficial for this weighting strategy. The Heckman model as a

combination of propensity and prediction model is again highly unstable and seems hardly

applicable for the present simulation setup, which is due to the reasons discussed above.

To also analyse multivariate estimates for variables that are not at all used for the com-

pensation methods, the estimated correlation between personal and household income is

evaluated in figure 3.16. As before, naive estimates are visibly biased in both selection

scenarios, even though the magnitudes of these biases are smaller than in figure 3.15. Sim-

ilar as in the above results, the model-based methods do not seem suitable for estimating

the correlation coefficient. Again, ignoring of residual covariances leads to considerable

bias for all of these methods. Unlike before, the resulting relative biases between −85 and

−57% are generally negative here because household income is not at all considered in the

prediction models. While propensity weighting at least somewhat reduces the relative bias

to −7% in the MAR case, it even has the contrary effect when selectivity is MNAR, where

the relative bias increases up to 60%. A similar but even more pronounced effect can be

observed for calibration. If the GREG is used on its own, it reduces relative selection bias

to 2.6 or 1% in the MAR scenario for variable set #1 and #2, respectively. In contrast,

the relative bias increases to 80% if selectivity is MNAR. When calibration and propen-

sity weighting are jointly used, the results are slightly better than for the GREG on its

own. In the MAR case, the relative bias is reduced to nearly 0%, while it increases up to

78% in the MNAR case. Consequently, and unlike before, there is no method that seems

appropriate when conditional independence assumptions 2.1 and 2.13 are violated. When

conditional independence holds, however, the combination of propensity and calibration

weighting appears to be a very useful strategy.

3.3.3 Summary and Conclusion

The current simulation study is intended to mimic two possible selectivity scenarios in the

German WageIndicator web survey. The above results clearly show that naively treating

a non-probability sample as a simple random sample yields biases which severely diminish

the meaningfulness of point estimates and inference. Especially under conditional inde-

pendence, however, methods for dealing with non-probability samples can help to largely

reduce these biases and thereby increase the estimates’ precision. In the present simulation

study, the combination of propensity score and calibration weighting seems to be particu-

larly valuable for the different considered estimators and auxiliary information scenarios.

When estimating only univariate and linear statistics like means or totals, model-based

approaches can be valuable as well. However, these methods are typically implemented

such that any residual (co-)variance components are ignored. This strategy has severe

drawbacks for estimating multivariate statistics, such as correlation coefficients or predic-

tion model parameters. To use model-based methods for estimating such statistics that

are not purely univariate and linear, it seems advisable to incorporate methods like mul-

tiple imputation (cf. van Buuren, 2018; Rubin, 1987) that consider additional variance

components that are not explained by the model (cf. Elliott and Valliant, 2017; Lenau,

2021; Rafei, Flannagan, and Elliott, 2020).
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Figure 3.16: Estimated correlation between household and personal income
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3.4 Improving the Reliability of Web Survey: An Empirical Evaluation of Weight-
ing Adjustment, Imputation, and Sampling Matching Strategies to Measure
Gender Pay Gap

Yinxuan Huang and Natalie Shlomo
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3.4.1 Introduction

The landscape for collecting survey data has been changing rapidly in the past two decades.

Owing to the rapid development of world Internet and computer technology, online web

surveys have become increasingly popular and tend to challenge other means of data col-

lection such as face-to-face surveys, mail surveys, and telephone surveys. The advantages

of using web surveys present several merits. Costs for a web survey are usually lower as

compared to other means of survey data collection as it does not require many resources

such as interviewers and printing. The popularization of social media and telecommuni-

cation technologies means that web surveys may nowadays be distributed in various ways

and easily reach a huge population. Another feature of internet-based surveys is that they

provide a higher sense of anonymity for the participant than the presence of interviewers

(Braunsberger, Wybenga, and Gates, 2007). In addition, a web survey can be launched

very quickly and does not involve survey fieldworks that are often time-consuming (Beth-

lehem, 2010). It thus allows researchers to collect data more efficiently and capture more

recent memories of the respondents.

At first sight, web surveys seem to be an excellent replacement for traditional offline data

collection methods. Indeed, using Internet for data collections are common amongst both

academic and commercial researchers nowadays. It is also worth mentioning that this

strategy is particularly appealing amid the COVID-19 pandemic when conditions for face-

to-face surveys are and will likely to be restricted in many parts of the world. However,

a line of inquiry that deserves scholarly attention is the reliability of internet-based data

as it is not grounded in probabilistic methods of sampling. Opponents to the use of web

survey data have long been questioning its quality, especially when the aim is to analyse

and provide statistical inference to the general population.

One of the key issues associated with online data collection is the phenomenon of self-

selection. Self-selection occurs when data collectors are not in control of the selection

process and it is largely or completely left to individual targets to select themselves for

the survey. It is determined by factors such as computer literacy, Internet penetration,

and interest to participate, which are rarely evenly distributed in the population (Chen,

2014). The underlying logic of self-selection is thus inherently different from the prob-

ability sampling paradigm, which follows random sample selection. Consequently, while

probability sampling enables statistical analyses to produce accurate and unbiased esti-

mates of the general population, self-selection can ’lead to biased estimates, and therefore

wrong conclusions are drawn from the collected data (Bethlehem, 2010, p. 162). Another
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challenge for internet-based data is participation in online surveys. When data is collected

online, individuals without access to Internet or the link to survey platform are naturally

excluded. Since specifying the size of the population being able to take part in any type

of web surveys is almost impossible, it is extremely hard to capture response rate or struc-

ture of the sample relative to a total sample that is aware of the survey (Schleyer and

Forrest, 2000; Tijdens, 2020). Finally, self-administered surveys are shown to be more

likely than interviews to suffer problems associated with satisficing (Stolte, 1994; Sue and

Ritter, 2012). Respondents tend to provide answers requiring less effort (e.g. rounding

up response and providing inaccurate numbers) when fatigued by the survey (Revilla and

Ochoa, 2015; Smyk, Tyrowicz, and Van Der Velde, 2018). Unfortunately, notwithstanding

their advantages and popularity, most web surveys are not immune to the shortcomings

mentioned above. It is thus important for social scientists to address these shortcomings

and develop innovative approaches to improve analyses using data from web surveys.

The purpose of this article is to develop an empirical framework within which to employ

and combine statistical approaches for the analysis of a non-probability web survey and

to compare and analyse their performance in improving the quality of analyses based on

web survey data. This will be based on the case study of measuring gender pay gap using

the WageIndicator survey data.

Section 3.4.2 presents methodological strategies addressing issues associated with online

data in the previous literature. Section 3.4.3 offers a critical introduction of the WageIndi-

cator (WI) survey data – a large web survey project covering over 140 countries. WI is

used as the primary web survey sample in this study. The contextual elaboration leads

on to Section 3.4.4 where we present a literature review of measuring gender pay gap. In

section 3.4.5 we present the data that will be used for the case study and in Section 3.4.6

we explain our research design and show how to use a combination of different methods,

including weighting adjustment, benchmarking, sample matching, and imputation, to im-

prove the representativeness of the WI data. In Section 3.4.7, the results will be exhibited

and compared in a series of descriptive and multivariate analyses as well as the model for

measuring the gender pay gap. Section 3.4.8 summarizes our findings from the case study

and discusses their implications for the use and application of web survey data in social

sciences.

3.4.2 Methodological Strategies to Improve the Quality of Web Survey Data

The problem with non-probability samples is that it is not possible to generalize to a

population, calculate estimates and confidence intervals and carry out statistical inference.

Therefore, researchers must consider approaches to compensate for the selection bias in the

non-probability sample. There are generally two approaches to compensate for selection

bias: a model-based approach and a quasi-randomization approach that integrates the

non-probability sample with a probability reference sample.

Quasi-randomization approaches include two main techniques: sample matching and post-

hoc adjustments through propensity score adjustments (Baker et al., 2013a, and references
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therein). Both require the use of a probability reference sample. In sample matching, a

non-probability sample is drawn with similar characteristics to a target probability-based

sample and the former uses the selection probabilities of the latter to weight the final

data (Rivers and Bailey, 2009). Units are matched in the non-probability sample to a

probability reference sample based on a set of variables that explain both participation

and the outcome variable so that the covariates are balanced. Then, inference is carried

out using the survey weights of the probability reference sample.

Propensity score matching was first introduced by Rosenbaum and Rubin (1983, 1984). In

the case of a web survey, propensity scores may be estimated by modelling a probability

of whether individuals participate in the web survey. Since the potential respondents of

a web survey can be dichotomized as two groups (those who will participate and those

who will not), propensity score matching attempts to make the two groups comparable by

simultaneously controlling for all variables that are thought to explain the participation

(Bethlehem, 2010, p. 174). In this approach, the non-probability sample and the probabil-

ity reference samples are stacked where the response variable is an indicator variable equal

to 1 for the non-probability sample and 0 otherwise. The probabilities of participation are

estimated using a logistic regression model where explanatory variables explain both par-

ticipation and key outcome variables (Lee, 2006; Lee and Valliant, 2009). The predicted

probabilities are then used in the calculation of design weights for the non-probability sam-

ple, for example taking their inverse as a pseudo- design weight or constructing propensity

score stratification. This is followed by post-stratification where we use auxiliary variables

(from the population or from the reference sample) to benchmark the design weights and

further reduce selection bias and potential coverage errors (Bethlehem, 2010).

Apart from the issue of representativeness and selection bias, another challenge for web

survey data is that its users often need to deal with a large number of missing values in

the dataset owing to the voluntary nature of most web surveys. While various types of

imputation strategies such as hot deck (HD) and multiple imputation (MI) are widely used

in the case of probability samples, the imputation process for non-probability samples is

more complicated. Compensating for missing data in non-probability samples needs to take

into account the survey weight adjustments to correct for the selection bias. Meanwhile,

there is a burgeoning body of literature investigating the use of weights in the imputation

model, potentially also allowing for interactions with other variables. In practice, a key

issue is the correct specification of the imputation model, taking into account the survey

weights, stratification, and their interaction with the covariates (Quartagno, R., and H.,

2020). For example, Quartagno, R., and H. (2020) developed a multi-level approach to

conduct MI with survey weights, which was evaluated through simulation scenarios. A

similar approach was presented in the work of Seaman et al. (2012) in which the authors

combined MI with inverse-probability weighting. These studies found that inclusion of

weights would in general improve the performance of multiple imputation for web survey

data.
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It is worth noting that, while the methods discussed above provide valuable ways to explain

and compensate for the selection mechanism that led to inclusion and missingness in the

nonprobability sample, there are still relatively few studies that use large web survey

data to exploit the performance of these methods in a comprehensive and comparative

manner. Again, methodological advancements in the study of web survey data will become

increasingly valuable in the midst of the growing popularity of cheaper, faster, and safer

online data collection methods amongst individual researchers and research organization.

Exact details of the methods that were applied for the application measuring gender page

gap using the Wageindicator data is presented in section 3.4.6.

3.4.3 Large Cross-national Web Surveys in Academic Research: Lessons From the Wage-
Indicator Program

One of the most successful and prominent examples of web survey programs is theWageIndi-

cator (WI) data. It was initiated in The Netherlands in 2001 by Pauline Osse and Kea

Tijdens as a platform for employees and employers looking for information about in-

come. In 2020, the WI organization is operating in over 80 countries worldwide. The WI

web survey is designed by experienced researchers and supported by world leading aca-

demic partners such as University of Amsterdam and Harvard Law School. According to

Wageindicator.org, the WI web survey identifies the labour force as its target population.

The respondents of these multilingual web-survey are volunteers recruited through the

national WI websites and a wide range of websites of WI partners, Paper-based surveys

supplement web-based surveys in countries with low Internet access rates. The WI web

survey is continuous and generates large sample sizes. Apart from the standard survey

data, which is managed in annual releases since 2006, WI regularly includes project-specific

survey questions for a limited number of countries and a limited period. A recent example

is its Living and Working in Corona Times survey. Recognizing the risk of satisficing, the

standard version of the survey requires approximately 10-20 minutes to complete (Tijdens

et al., 2010). Participants are incentivized to complete the Survey as they will have an

opportunity to win a cash prize equivalent to the weekly minimum wage, or monthly in

the case of countries with lower minimum wages. For participants who are willing to take

part in a panel survey, their chances of winning the prize are doubled.

The relatively short completion time does not erode the coverage and breadth of the WI

questionnaire. Apart from questions on real wage data, working conditions, and demo-

graphic characteristics, WI web surveys also cover a wide range of topics related to job

and life satisfaction, work-life balance and health, which makes it a unique data source

for a variety of economic, sociological, political science and possibly even psychological

studies (Smyk, Tyrowicz, and Van Der Velde, 2018). The WI web survey has incubated a

huge volume of comparative studies in various fields of social sciences globally.

Existing research based on the WI survey data can be usefully categorized into three

broad corpuses of literature concerned with: (1) investigating wages, employment, and

other patterns and outcomes of global labour markets; (2) assessing various social and

economic issues; (3) address methodological inquiries to improve quantitative analyses
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using Internet-based data. Regarding the first category, existing studies have taken the

advantage of WI’s extensive coverage to undertake research exploring labour markets in

different parts of the world. Not surprisingly, wage is the arguably the most popular topic

amongst these studies. Examples include comparative analysis of minimum wage represen-

tation in Asian countries (Varkkey, Korde, and Singh, 2016), living wage in Europe (Fabo

and Belli, 2017), and labour market outcomes in Sub-Saharan African countries (Tijdens,

Besamusca, and Klaveren, 2015). These studies are often exploratory and presented in

reports produced by the WI organization and supporting institutions.

Apart from the labour market, social and economic issues are also important topics in the

WI web survey, inspiring a growing volume of content research. A prominent example is

subjective wellbeing. (Guzi and De Pedraza, 2015; De Pedraza, Guzi, and Tijdens, 2020).

In their recent contribution, De Pedraza, Guzi, and Tijdens (2020) adopted a two-stage

estimation strategy to assess the effect of sectoral unemployment, labour market tightness,

and matching efficiency on life satisfaction of employed workers in the Netherlands. In the

first stage, data from the 2007 to 2014 Dutch sample of WI web survey were used to obtain

regression-adjusted measures of life satisfaction by quarter and economic sector. In the

second stage, life satisfaction measures in WI were regressed against the unemployment

level, labour market tightness, and matching efficiency variables generated from Nether-

lands Labour Force Survey and Netherlands Statistics. The conclusion of the study echoed

earlier observations that the WI web survey data appeared to be consistent in studying

the life satisfaction of workers in different domains (Guzi and De Pedraza, 2015) and job

insecurity (Munoz de Bustillo and De Pedraza, 2010). Nevertheless, the quality and reli-

ability of the WI survey data has always faced challenges from methodological research,

which is the last category of literature.

Ever since the birth of the WI program, scholars have been asking whether its online

survey data are suitable for rigorous academic research. When compared to national

representative databases, the WI survey data were shown to be unable to represent the

general population - patterns of wage distributions in the web survey and benchmark

national representative surveys are largely distinct (e.g. Steinmetz, Tijdens, and Pedraza,

2009). The work of Fabo and Belli (2017) offers a more positive observation. It compared

the estimates of earnings determinants based on the non-probabilistic in the Dutch samples

in WI and EU Study of Income and Living Conditions survey (EU-SILC) from 2005 to

2014. Statistical test of joint equality of coefficients, generated from Ordinary Least Square

regression was applied to compare if estimated parameters from the two regressions differ

significantly. The authors concluded that while the WI data were not representative for

the Dutch working age population, the estimates for junior workers were comparable with

EU-SILC data (Fabo and Kahanec, 2018, p. 599). This observation was also associated

with the fact that Internet access in the Netherlands was much more widespread than in

the previously analysed countries, such as Spain (De Pedraza, Guzi, and Tijdens, 2020).

Earlier research used different correction approaches including post-stratification weights

and inverse propensity scores to improve the representativeness of the data (Steinmetz and
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Tijdens, 2009; Steinmetz, Tijdens, and Pedraza, 2009; Steinmetz et al., 2013). However,

the impact of such techniques was rather limited. In a more recent study, Smyk, Tyrowicz,

and Van Der Velde (2018) proposed a novel, reweighing method to narrow the differences

sample compositions between WI web survey and 95 national representative surveys in 17

countries, which is translated into variations in the distribution of wages and hourly wages.

This work uses age, gender and education to obtain both weights: conventional propen-

sity score with kernel matching and covariate balancing propensity score. The provided

weights aim to ’reduce the discrepancies in the individual characteristics across WI and

benchmark national representative samples’ (Smyk, Tyrowicz, and Van Der Velde, 2018).

After employing Mincerian wage regression model, the study found that the reweighted

wage distributions continue to differ in more than 60% of the cases, although the proposed

weights help to bring WI closer to the benchmark samples in the remaining cases.

Notwithstanding the contributions mentioned above, a notable shortfall of the previous

studies lies in the disjointed progress of content research and methodological research

using the WI web survey data. While several techniques were developed in methodological

research to examine and improve the reliability of the WI data, they were still insufficiently

engaged with content research on ’real-life’ social and economic issues (Kureková, Beblavý,

and Thum-Thysen, 2015). Hence, a potential direction for the future advance of studies

using the WI web survey data is to apply innovative methodological tools to improve the

design and results of content research based on this database.

3.4.4 Literature Review on Gender Pay Gap

Gender pay gap (GPG) is usually calculated as the difference between average hourly

earnings (excluding overtime) of men and women as a proportion of average hourly earnings

(excluding overtime) of men’s earnings. Empirically, it is often presented as the percentage

difference between men and women’s median hourly earnings. A number of methods have

been used to examine GPG, including t-tests, OLS regressions, and multi-level modelling.

A popular approach is Blinder–Oaxaca technique (Oaxaca, 1973, Blinder, 1973) which is

available in the STATA package (Jann, 2008). The method divides the wage gap between

men and women into a part that is explained by differences in determinants of wages,

such as education or work experience, and a part that cannot be explained by such group

differences.

It is shown to be persistent across all sectors and larger in developing countries as compared

to developed countries. Findings in the West often shows a steady decline in GPG. Sectoral

differences in GPG is one of the most frequently discussed topics in the previous literature.

Studies that compare GPG by sector also report that the pay gap in the public sector is

more subtle than it is in other sectors. A classic observation is that women in the public

sector appear to enjoy a premium, which others do not (Smith, 1976). Studies conducted

across all sectors also report that the gender gap in human capital explains majority of

the pay gap and that women are often times punished for time away from work (Bishu

and Alkadry, 2017). An interesting finding from this review is that although occupational
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segregation explains part of the gender pay gap, women who cross into traditionally male-

dominated occupations are not able to overcome the pay gap.

Our attention devoted to the Dutch sample of WI motivated us to pay particular attention

to GPG in the Netherlands. According to Structure of Earnings Survey, GPG in the

Netherlands was particularly high and higher than the EU average in the years of the

economic crisis; in 2008-2011 it was higher or near to 18%. Since 2012 the Dutch GPG

started to decrease slowly, although in 2012 the Dutch GPG was higher than the EU

average. In 2013-2014 the Dutch GPG was already around the EU average (around 16%).

As far as the determinants of GPG are concerned, researchers have pointed towards a

number of social and economic factors that may partially explain the gaps. Human cap-

ital/education, for example, was found to be a significant predictor of GPG (Jarrell and

Stanley, 2004; Weinberger, 2011; Bishu and Alkadry, 2017). Alkadry and Tower (2006)

particularly report that gender and human capital explain 90.4% of the pay gap in their

study population. Other studies that compare the pay gap in the public and non-profit

sectors with the private sector report that GPG is magnified in the private sector than in

public and non-profit sectors (Etienne and Narcy, 2010).

Workplace authority is one of the most recurring themes that drive GPG. Disparity in

access to workplace authority is a condition where individuals who are equally qualified

are denied access to authority opportunities based on non-work-related attributes including

race, gender, and/or other factors. Gender differences in access to workplace authority

essentially addresses the issue of women’s limited access to legitimate workplace autonomy

over an organization’s operation and personnel functions (Wright, Baxter, and Birkelund,

1995; Zeng, 2011; Alkadry and Tower, 2014).

Access to hiring and promotion is found to directly or indirectly affect the pay gap. A

common theme is that subjective appraisals that determine hiring and promotion decisions

create a condition where women and minorities are being systematically denied of career

opportunities that could potentially result in better economic and other benefits. Studies

often follow ’glass ceiling’ (Zeng, 2011) and ’leaky pipeline and sticky floors’ theories (Xiu

and Gunderson, 2014) to analyze the problem.

Gender representation, presented in different forms of position, agency, and occupation

segregations, also affect GPG. Position segregation relates to conditions where women

are disproportionately concentrated in lower echelon positions in organizations (Alkadry

and Tower, 2014). Second, agency segregation explains that women are concentrated in

certain types of agencies (mostly redistributive agencies), while men are concentrated in

distributive and policy influencing agencies (Newman, 1994). Occupational segregation,

however, refers to the condition where women are ’concentrated in certain types of oc-

cupations such as education and social services whereas men are typically concentrated

in Science, Technology, Engineering and Math field and finance occupations’ (Bishu and

Alkadry, 2017).

71



GPG in WI

The majority of the GPG research based on the WI survey data is about developing

countries. Indian researchers have been using the Indian WI to produce annual national

GPG report. A recent example is Korde et al. (2018). Using t-tests and OLS regressions,

their research examines whether gender has a significant relationship with the gross hourly

wage for every individual, controlling for other factors such as years of experience, marital

status, industry and level of education in India, Pakistan, and Sri Lanka. The paper finds

that narrowing of GPG is directly related to education levels of women, and the pattern

is clear across all the three countries.

There are several cross-national papers in the field of business studies looking at GPG in a

particular sector. Shannon et al. (2019) provides a comprehensive overview of gender pay

gap in 25 lower-middle, higher-middle, and high-income countries, using health profession-

als as an example. They performed an exploratory, descriptive analysis of country groups

and occupation groups by years between 2006 and 2014. To examine temporal changes in

the gender GPG across health occupation and country groups, they calculated the average

annual percentage change for each country grouping and health occupation group using

the Jointpoint Regression Program. Annual percentage change (APC) is calculated using

weighted least squares regression. AAPC represents a summary measure of the APC trend

over a pre-specified interval of time and is computed by taking the weighted average of

annual changes over a period of multiple years. The Jointpoint Regression Program uses

a Monte Carlo Permutation method as a test of significance in trend. They found that

GPG was pronounced in both clinical and allied health professions and over lower-middle-,

upper-middle- and high-income countries, although the largest gender wage gaps were seen

in allied healthcare occupations in lower-middle-income countries.

Another recent example is Van der Straaten, Pisani, and Kolk (2020) who employ a series

of multilevel models to explore GPG in Multi-national Enterprises (MNE) using WI survey

data from over 40,000 employees in 13 countries. They first constructed a baseline model

with Wage as dependent variable and including only the control variables and a dummy

variable separating employees working for an MNE versus a domestic firm, so as to estimate

the direct effect of MNE on wages and thus determine the existence of the MNE wage

premium in our setting. They then tested three models including interaction terms between

MNE and the employee’s gender, level of experience. Their conclusion regarding GPG is

smaller in MNE relative to domestic firms, and GPG in MNE is smaller in the developed

countries than in developing countries.

Another valuable example is by Tijdens (2016). Interesting, its focus is not on differences

in gross hourly wage, but on overtime payment, pay arrears, employers’ contribution (e.g.

insurance and pension), cash allowance (e.g. profit shares), non-cash allowance (e.g. child-

care), and bonuses. Analyses are purely descriptive. For the analysis they used the data

from WI Survey and an additional survey, collected between 2014 and 2016 in 27 of the

29 targeted countries (EU28 plus Turkey), representing 500,000 employees. There are

substantial women-men gaps in all these categories in most countries.
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It is worth noting that most of the GPG studies based on theWI data were often descriptive

and did not conduct more sophisticated multivariate analyses. This is to a large extent due

to the high level of missingness in WI datasets, which is, as mentioned earlier, a common

problem of online data collection.

3.4.5 Data

The WageIndicator Survey Data

Covering more than 120 countries, the WI survey is one of the largest online data collection

projects in the world. WI surveys provide coherent and timely labour market information

such as wages, employment, pensions and bonuses, and workplace. As mentioned earlier,

the WI survey is often used to show gender pay gap as it provides detailed data for

GPG research such as individuals’ hourly wage, working hours, contract, education, and

occupation.

For the present study, we use the 2016 Dutch sample of the WI survey in our empirical

analysis. Like many other web surveys, the WI survey includes a very high percentage

of missing data. However, we chose the 2016 Dutch sample for two main reasons. First,

we aim to use the most recent WI data that can be compared and linked with another

prominent representative sample. This sample, which will be discussed in the next section,

is the European Union Statistics on Income and Living Conditions (EU-SILC) data. The

most recent year in which both WI and EU-SILC are available is 2016. Second and more

importantly, the 2016 Dutch data has a sample size of 27,106, which is the largest amongst

all WI surveys in the EU. Due to the large proportion of missing values in the WI data,

a larger sample size will become a significant asset to the multivariate analyses in this

study. In figure 3.9 we present the proportions of the key variables that will be used in

the analysis for both datasets and separately for the complete cases.

European Union Statistics on Income and Living Conditions

One of the main purposes of this study is to examine whether and how statistical inter-

vention would improve the representativeness of web survey data as compared to repre-

sentative surveys. Consequently, we use EU-SILC as a reference sample to the WI data.

EU-SILC contains microdata on key socioeconomic issues such as income, labour market,

and living conditions across EU member states. Our empirical analysis thus involves the

Dutch sample of the 2016 WI survey data and the Dutch sample of the 2016 EU-SILC

cross-national survey.

3.4.6 Methods

3.4.6.1 Weighting Adjustment

We use a quasi-randomisation approach to account for the selection bias in the WageIndi-

cator (WI) dataset where the two main techniques are sample matching and propensity

score adjustments. Both techniques require the use of a reference sample.
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Table 3.9: Sample Characteristics of 2016 WI and EU-SILC Datasets

1 

 

 WI original 
Complete 

case WI  

EU-SILC 

original 

Complete  

case EU-

SILC 

Age groups     

17-25 28% 24% 14% 6% 

26-35 29% 32% 10% 16% 

36-45 18% 19% 14% 22% 

46-55 16% 17% 20% 31% 

56-65 8% 8% 21% 24% 

66+ 1% 1% 21% 2% 

Gender     

Men 55% 54% 49% 49% 

Women 45% 46% 51% 51% 

Education levels (derived)     

Low 6% 7% 7% 5% 

Middle 46% 55% 60% 53% 

High  32% 38% 32% 42% 

Missing 16%  4%  

Employment     

Employee 79% 93% 49% 86% 

Self-employed/own account 5% 7% 8% 14% 

Jobless 16% / 31% / 

Missing / / 12% / 

ISCO 08 major classes     

Managers 5% 6% 6% 8% 

Professionals 16% 21% 24% 30% 

Technicians and associate Professionals 17% 21% 16% 18% 

Clerical workers 13% 16% 12% 10% 

Service and sales workers 12% 15% 18% 15% 

Skilled agricultural, fishery and forestry 1% 1% 2% 2% 

Craft and related trades workers 8% 10% 9% 8% 

Plant and machine operators 4% 5% 4% 4% 

Elementary occupations 3% 4% 7% 5% 

Missing 21% / 14% / 

Urbanicity     

Large cities 39% 37% 31% 32% 

Small cities 45% 50% 50% 51% 

Rural area 16% 13% 19% 17% 

Wage (median) 
14.4 

Euro/hour 

14.2 

Euro/hour 

33,611 

Euro/year 

31,052 

Euro/year 

Wage (missing) 59% / 38% / 

N 27,106 9,489 24,123 12,096 
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Sample Matching

In sample matching, we first calculate a propensity score to estimate the probability of

participation for the nonprobability WI dataset. The WI dataset is stacked to the EU-

SILC dataset and we define Ri = 1 if i is in the WI dataset, otherwise Ri = 0. Using a

logistic regression model, we estimate a propensity score of participation: pi = P (Ri =

1|xi) = exp(xiβ)/(1 + exp(xiβ)) where xi is a vector of covariates that are common in

both datasets. The covariates are: age group (17-25, 26-35, 36-45, 46-55, 56-65, 66+),

sex (Males, Females), employment (Employed, Self-employed), education (Elementary,

Secondary, Tertiary, Missing), occupation (Manager, Professional, Technician, Clerical,

Service sales, Agricultural, Craft/trade, Operators, Elementary, Missing).

Then, within strata defined by sex and age group, we found the record in the WI dataset

and the record in the EU-SILC data having the closest propensity score and copied the

WI log hourly wage to the EU-SILC record. We excluded those cases where WI log hourly

wage was missing. It was possible to have up to 10 multiple donors from the WI dataset

that were contributing their WI log hourly wage value to the EU-SILC data. For the

substantive analysis on GPG, the sample weights and all covariates used were those of the

EU-SILC data, but the response variable of log hourly wage is from the WI dataset.

Propensity Score Matching

� Step 1: We first calculate a propensity score to estimate the probability of participa-

tion for the nonprobability WI dataset. The WI dataset is stacked to the EU-SILC

dataset similar to the sample matching approach. We used the same response vari-

able and covariates as those mentioned under the sample matching.

� Case 1: Propensity scores from the stacked dataset are estimated from the logistic

regression on the stacked dataset similar to the sample matching procedure:

� Case 1a: For the initial weight, we use the inverse of the propensity score.

� Case 1b: We define strata by 20 quantiles of the propensity scores and estimated

the inverse response rate in each strata. This initial set of weights are smoother and

have less variation compared to the inverse of the response propensities.

� Case 2: To estimate the propensity scores we utilise the sample design and survey

weights of the EU-SILC according to the method proposed in Chen, Li, and Wu

(2019) summarized here.

We denote the WI data as file A and the EU-SILC as file B. We define Ri = 1 if

i ∈ A and Ri = 0 if i ∈ B. The estimator for the propensity score pi is p̂i
(xi, ξ̂)

where ξ̂ maximizes the log-likelihood function

l(ξ) = ΣNi=1(Rilog(pi) + (1−Ri)log(1− pi))

= Σi∈Alog(pi(xi, ξ)/(1− pi(xi, ξ)) + ΣNi=1log(1− pi(xi, ξ))
(3.15)
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Since we do not observe the whole population, Chen, Li, and Wu (2019) replace

the second term in (1) with the Horvitz- Thompson estimator obtained from the

reference sample having survey weights wi and with information on xi, to maximize

the pseudo log-likelihood function

l∗(ξ) = Σi∈Alog(pi(xiξ)/(1− pi(xi, ξ)) + Σi∈Bwilog(1− pi(xi, ξ)) (3.16)

Under a logistic regression model, the pseudo-likelihood function is

l∗(ξ) = Σi∈Ax
′
iξ − Σi∈Bwilog(1 + exp(x

′
iξ)) (3.17)

And the score equations:

U∗(ξ) = ∂l∗(ξ)/∂ξ = Σi∈Axi − Σi∈Bwipi(xi, ξ)xi = 0 (3.18)

Chen, Li, and Wu (2019) propose a Newton-Raphson procedure. Letting ξ̂r denote

the estimate of ξ at the rth iteration, we have ξ̂r = ξ̂r−1−H∗(ξ̂r−1)
−1U∗(ξr−1) where

H∗(ξ̂) = ∂U∗(ξ)/∂ξ = −Σi∈Bwipi(xi, ξ)(1− pi(xi, ξ))xix
′
i and setting ξ0 = 0 for the

first iteration. We then define the initial weights di as the inverse of the estimated

propensity scores.

In summary, there were three different sets of initial weights based on the estimated

propensity scores in step 1 and we denote these generically by di for an individual i

in the WI dataset.

� Step 2: The final step is to benchmark to the EU-SILC data using post-stratification

where the marginal totals are obtained from the weighted EU-SILC data according

to their final survey weights. Let h denote the post-strata. The final weight for an

individual i in strata h in the WI dataset is: whi = (N̂h/Σi∈hdi) × di where N̂h is

the weighted total of strata h from the EU-SILC dataset. Here, the benchmarking is

based on the 5 covariates that were used to estimate the propensity scores, although

due to small sample sizes we used IPF to fit two sets of margins separately: sex*age

group*education and employment*occupation. The final weights were normalized

to the EU-SILC sample size for use in the substantive analysis. The benchmarking

was repeated for each set of the three sets of initial weights described in step 1.

3.4.6.2 Missing Data

The calculation of adjustment weights for the WI dataset included item missing data and

they were defined as separate categories for the variables education (16%) and occupation

(21%). Besides these variables, there is missing data in log hourly wage (45%). A key

point in the above weighting adjustments is that the calculation of the final weights took

into account the missing data of the WI data defined as separate categories in the logistic

regression models. For the imputation step described below we then included the final

weight variable as an additional covariate in the imputation models to ensure that the

imputation was carried out on representative data. For this purpose we ran the MICE
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procedure with predicted mean matching (Van Buuren and Groothuis-Oudshoorn, 2011)

in R (package: mice.impute.pmm) to impute the item missing data in log hourly wage,

education and occupation. The other variables in the imputation model with no missing

data were sex, age group and urbanicity (large cities, small cities, rural areas) and we also

included the adjustment weight to account for the selection bias. We denote this approach

by Weight-PMM in section 3.4.7.

Finally, we also carried out a different approach assuming that a data custodian would

be applying a single imputation approach as is the norm at statistical agencies and then

calculating the adjustment weights on the complete data. Thus, the imputation in the

first step for the WI dataset does not account for any selection bias adjustments. We first

impute the WI dataset using a single iteration of the predictive mean matching (PMM) to

obtain a complete dataset. We then calculated the adjustment weights using the imputed

and original variables in the data with no missing data categories. Note that any missing

data in the EU-SILC were deleted prior to the weight adjustment. In this approach, we

used the sample-based and population-based propensity score estimates (see Case 1a and

Case 2 in section 3.4.6.1) and used the inverse propensity score of for the initial weights di,

and then applied the benchmarking in Step 2 of section 3.4.6.1. We denote this approach

by PMM-Weight in section 3.4.7. We note that we also tried to implement a simple hot-

deck imputation method as well instead of one iteration of the Predictive Mean Matching

but the results were similar as the PMM-Weight approach and are not shown here.

Section 3.4.6.3 shows results of a simulation study comparing both approaches.

3.4.6.3 Simulation Study

In this section we describe the results of a simulation study to assess at what stage we

should carry out imputations on a non-probability sample. We focus on the weighting

approach of Chen, Li, and Wu (2019) as described in section 3.4.6.1. The question of

whether to calculate the adjustment weights according to the logistic regression model

where the missing data are in separate categories, and then use the weights to form impu-

tation classes for the imputation stage, or alternatively, to impute first the missing data

based on the empirical distribution of the non-probability sample and then calculate the

adjustment weights on the complete data.

For this study, we first generate a population N = 60, 000 as follows:

ϵ1, ϵ2 ∼ MVN(0,Σ) where Σ = (10, 3; 3, 10) Define: β0a = 20, β1a = 0.2, β2a = 0.1 and

β0b = 30, β1b = 0.1, β2b = 0.2. Define x1 ∼ Unif(0, 20) and x2 ∼ Unif(0, 50),

y1 = β0a + β1ax1 + β2ax2 + ϵ1

y2 = β0b + β1bx1 + β2bx2 + ϵ2

We discretized x1 and x2 (labelled ca1 and ca2) to 10 equal groups and y1 and y2 (labelled

cy1 and cy2) to 12 groups. We introduced MAR missing data to the variables ca1 and cy1 as

follows: Define 2 imputation groups according to x1 (<10 ,=10) and 2 imputation groups

in x2 (<27, =27), to form a total of 4 imputation groups by their cross-classification. In
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each of the 4 groups, randomly select ca1 and cy1 values to delete – this resulted in 12%

missing values in ca1 and 15% missing values in cy1 in the population.

The steps of the simulation:

� Draw a simple random sample with π = 1/10.

� Draw a non-probability sample as follows: standardize x1 and x2 (denote by xx1

and xx2) and define selection probability

pr = exp(1 + 0.3xx1 + 0.6xx2)/(1 + exp(1 + 0.3xx1 + 0.6xx2)).

If pr > 0.9 then define pr1 = 0, else pr1 = pr.

Normalize probabilities pr1 so that they add up to size 6000.

Define u ∼ Unif(0, 1) and accept the unit into the nonprobability sample if u < pr1.

� Assuming there is no missing data, calculate the adjustment weights of the nonprob-

ability sample according to Chen, Li, and Wu (2019) including the benchmarking

step. This is denoted as ’No missing’. Now account for the missing data in the

nonprobability sample using two methods:

– Calculate adjustment weights (with benchmarking) using the approach of Chen,

Li, and Wu (2019) where the missing data are defined in separate categories.

Then form imputation classes based on a discretized adjustment weight (10

groups) cross-classified with cy2, and carry out a single hot-deck imputation

procedure. This is denoted as the ’WeightImp’ approach in this section.

– Form imputation classes based on cy2 and carry out a single hot deck imputa-

tion, then calculate adjustment weights (with benchmarking) on the complete

data. This is denoted as the ’ImpWeight’ approach in this section.

� Carry out analyses: Cramer’s V statistic on table ca1 × cy1 ; correlations of y2 on

ca1, ca2 and cy1 ; regression model y2 ∼ ca1, ca2, cy1

� Repeat 100 times

To assess the impact of the different methods, we show results in boxplots and averages

across the 100 iterations with the simulation standard error as well as the relative bias:

RB = (θtrue − θ)/θtrue .

In figure 3.17 , we investigate the impact of the different methods on Cramer’s V over the

100 iterations through boxplots where the true value in the population is the horizontal

line in the figure. We see the clear bias if we use the original non-probability sample

where there are no adjustment weights applied. Assuming there is no missing data in the

samples, (’No missing’) we see that compensating for the selection bias through the weight

adjustment still provides a slight underestimation. Now assuming the missing data and

carrying out the imputation approaches, we see that both show similar under-estimation

where ’ImpWeight’ is almost the same as the original adjusted data (’No missing’). The
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Figure 3.17: Box Plots of Cramer’s V statistics (horizontal line is the true value) on original
non-probability sample (’Original’), Weighted non-probability sample with
no missing data (’No missing’), non-probability samples with missing data:
weighted non-probability sample followed by imputation (’Weightimp’) and
imputed non-probability sample followed by weighting (’Impweight’)

’WeightImp’ approach has a similar median to the ’Impweight’ approach but larger vari-

ation.

In figure 3.10 we examine correlations of y2 with the variables ca1, ca2 and cy1 and in

figure 3.11 results of a regression model y2 ∼ ca1, ca2, cy1 under the different approaches.

In figure 3.10 there was a large relative bias for the correlations of y2 and ca1 (56.6%) on

the original nonprobability samples without any weighting adjustment. Even if we have

no missing data and only the weighting adjustment, there is still bias of (16.8%) which

does not change when we account for missing data and the imputation approaches. The

bias of the correlation of y2 and cy1 is also high under the missing data and weighting

approaches with a slight improvement to ’WeightImp’ (5.8% in ’WeightImp’ and 6.3% in

’ImpWeight’ ). The same findings can be seen in figure 3.11 for the overall average bias of

the regression coefficients in the model y2 ∼ ca1, ca2, cy1. However, as seen in figure 3.17,

there is lower variation under the ’ImpWeight’ approach as expected when conducting a

single imputation to compensate for missing data.

3.4.6.4 Gender-Pay Gap: Blinder-Oaxaca decomposition

As mentioned, the primary method we use to investigate GPG is the Blinder-Oaxaca de-

composition. It not only calculates the size and significance of an overall pay gap between

men and women, but also divides the gap into a part that is explained by differences in

determinants of wages and a part that cannot be explained by such group differences. In

our analysis, we include the covariates: Age Group, Education, Occupation and Urbanic-
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Table 3.10: Correlations (simulation standard errors in parenthesis) and Relative Bias of
variable y2 with the variables ca1, ca2 and cy1 on original non-probability
sample (’Original’), Weighted non-probability sample with no missing data
(’No missing’), non-probability samples with missing data: weighted non-
probability sample followed by imputation (’Weightimp’) and imputed non-
probability sample followed by weighting (’Impweight’)

 True 
Estimate 

Original No missing WeightImp ImpWeight 

𝑐𝑎  0.130 0.056  
(0.0019) 

0.108  
(0.0010) 

0.109 
(0.0014) 

0.108  
(0.0011) 

𝑐𝑎  0.665 0.641 
 (0.0010) 

0.662 
 (0.0007) 

0.662 
(0.0008) 

0.662 
(0.0007) 

𝑐𝑦  -0.484 -0.454 
 (0.0013) 

-0.482 
 (0.0008) 

-0.456 
(0.0009) 

-0.453 
(0.0009) 

 
Relative Bias 

𝑐𝑎  
 

0.130  0.566  0.168  0.165  0.167 

𝑐𝑎  0.665 0.036 0.004 0.005 0.004 

𝑐𝑦  
 

-0.484  0.062  0.004  0.058  0.063 
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Table 3.11: Regression coefficients for model y2 ∼ ca1, ca2, cy1 on original non-probability
sample (’Original’), Weighted non-probability sample with no missing data
(’No missing’), non-probability samples with missing data: weighted non-
probability sample followed by imputation (’Weightimp’) and imputed non-
probability sample followed by weighting (’Impweight’)

Parameter 
True 
estimate Original 

No 
missing WeightImp ImpWeight 

Intercept 37.909 0.00 0.00 -0.01 -0.01 

𝑐𝑎 =1 -0.675 0.05 0.05 -0.16 -0.22 

𝑐𝑎 =2 -0.564 0.09 0.11 -0.09 -0.13 

𝑐𝑎 =3 -0.558 0.01 0.07 -0.16 -0.21 

𝑐𝑎 =4 -0.384 0.12 0.11 -0.23 -0.30 

𝑐𝑎 =5 -0.440 0.07 0.07 -0.16 -0.19 

𝑐𝑎 =6 -0.222 0.09 0.21 -0.19 -0.29 

𝑐𝑎 =7 -0.214 0.19 0.15 -0.14 -0.18 

𝑐𝑎 =8 -0.069 0.01 0.01 -0.24 -0.46 

𝑐𝑎 =9 -0.031 0.48 -0.83 -2.09 -1.98 

𝑐𝑎 =1 -7.691 0.00 0.01 -0.01 -0.02 

𝑐𝑎 =2 -6.875 0.00 0.01 -0.01 -0.02 

𝑐𝑎 =3 -5.977 0.00 0.02 -0.01 -0.01 

𝑐𝑎 =4 -5.103 0.00 0.01 -0.01 -0.02 

𝑐𝑎 =5 -4.250 0.00 0.02 0.00 -0.01 

𝑐𝑎 =6 -3.416 0.00 0.02 0.00 -0.01 

𝑐𝑎 =7 -2.508 0.01 0.04 0.02 0.00 

𝑐𝑎 =8 -1.619 0.01 0.06 0.04 0.01 

𝑐𝑎 =9 -0.887 -0.03 0.04 0.03 0.00 

𝑐𝑦 =1 4.493 0.01 0.01 0.13 0.15 

𝑐𝑦 =2 3.750 0.01 0.00 0.13 0.15 

𝑐𝑦 =3 3.537 0.01 0.01 0.12 0.14 

𝑐𝑦 =4 3.176 0.01 -0.01 0.11 0.12 

𝑐𝑦 =5 2.778 0.01 0.01 0.09 0.11 

𝑐𝑦 =6 2.405 0.02 0.01 0.09 0.11 

𝑐𝑦 =7 2.048 0.01 0.01 0.08 0.10 

𝑐𝑦 =8 1.621 0.01 0.01 0.06 0.08 

𝑐𝑦 =9 1.276 0.03 0.00 0.04 0.06 

𝑐𝑦 =10 1.072 0.05 0.03 0.09 0.11 

𝑐𝑦 =11 0.679 0.03 0.00 0.00 0.04 
Average of the  
Absolute Bias  0.045 0.065 0.151  0.175 
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ity. The model first estimates two group-specific regression models and then performs the

decomposition for each of the explanatory variables. Moreover, we also consider the com-

plex survey design in the model by incorporating the survey weights as described in section

3.4.6.1. Since our analysis include employees and self-employed that are self-selected in

the survey, we integrate Oaxaca-Blinder model with Heckman’s selection model (Heckman,

1976, 1979) to correct for bias due to the fact that wages are observed only for those people

in the sample which is a selective group. Consequently, the decomposition is automatically

adjusted for this selection bias in the software Stata. The model accounts for the selection

effects from the overall differential and then applies the standard decomposition formulas

to this adjusted differential (Jann, 2008).

3.4.7 Results of Different Approaches

In this section we show descriptive statistics, regression models of the various approaches

presented in section 3.4.2 and also results from the Gender Pay Gap Analysis.

3.4.7.1 Descriptive Statistics and Regression Models

Descriptive results

Figure 3.12 displays results of descriptive statistics of the original WI dataset and the

datasets after carrying out statistical adjustments. Specifically, the latter consists of

datasets constructed from theWeight-PMM, PMM-Weight, and sample matching (columns

2 to 7). Figure 3.12 exhibits both unweighted and weighted results for the Weight-PMM

and PMM-Weight approaches. The weight variable used for sample matching is the

cross-sectional survey weight provided by EU-SILC. The sample-based weight and the

population-based weight calculated in WI produce very similar results in our analysis and

therefore we only show the population-based weights in figure 3.12.

The key point from figure 3.12 is that the application of weighting adjustment presents

a significant improvement on the sample characteristics in the imputed WI sample as

compared to the original WI sample. While unweighted variables in Weight-PMM and

PMM-Weight (columns 2 and 4) display similar characteristics relative to the original

WI sample, weighted variables in the two datasets (columns 3 and 5) are shown to have

distributive patterns that are more comparable to the EU-SILC sample (columns 6 and

7). Such effect is particularly discernible in imputed variables including education and

occupation, as well as unimputed variables including age and sex. Consequently, it is

evident that the combination of PMM and weighting adjustment may improve both the

representativeness and the completeness of the original WI data. In the next section, we

will carry out a series of linear regression analysis to examine whether such improvements

hold in more complicated multivariate analysis.

Figure 3.18 present boxplots of log hourly wage from the WI dataset for the PMM-Weight

versus the Weight-PMM approaches for the socio-deomographic features. There is little

different in log-hourly wage in the case of gender and education variables. We see how-

ever that elderly people aged over 65 appear to have higher log hourly wage than other
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Table 3.12: Descriptive results of the PMM and sample matching approaches (Not
weighted (No-W) and Weighted (W-ed))

 

 WI Weight -PMM PMM-Weight   Sample matching 

 No-W No-W W-ed No-W W-ed No-W W-ed 

Logincome 
Median 2.68 2.67 2.81 2.67 2.81 2.72 2.76 

Missing 59% / / / / / / 

Education:        

Elementary 6% 7% 4% 7% 4% 5% 4% 

Secondary  46% 55% 54% 55% 54% 53% 54% 

Tertiary 32% 38% 42% 38% 42% 42% 42% 

Missing 16% / / / /   

Major ISCO:        

Manager 5% 6% 7% 6% 7% 7% 7% 

Professionals 16% 21% 30% 21% 30% 30% 29% 

Technicians  17% 21% 18% 21% 18% 18% 17% 

Clerical 13% 16% 10% 16% 10% 10% 10% 

Service sales 12% 15% 16% 15% 16% 15% 15% 

Agricultural  1% 1% 2% 1% 2% 2% 2% 

Craft, trade 8% 10% 8% 10% 8% 8% 8% 

Operators 4% 5% 4% 5% 4% 4% 4% 

Elementary  3% 4% 5% 4% 5% 4% 5% 

Missing 21% / / / /   

Age         

18-25 24% 24% 7% 24% 7% 6% 7% 

26-35 32% 32% 24% 32% 24% 16% 23% 

36-45 19% 19% 24% 19% 24% 22% 24% 

46-55 17% 17% 27% 17% 27% 31% 27% 

56-65 8% 8% 18% 8% 18% 24% 18% 

66-75 1% 1% 1% 1% 1% 2% 1% 

Sex:         

Male 55% 55% 51% 55% 51% 49% 48% 

Female 45% 45% 49% 45% 49% 51% 52% 

Employment        

Employee 94% 94% 84% 94% 84% 86% 84% 

Self-employed 6% 6% 16% 6% 16% 14% 16% 

Region        

Large cities 39% 39% 38% 39% 38% 31% 33% 

Small cities 45% 45% 47% 45% 47% 50% 50% 

Rural area 16% 16% 15% 16% 15% 19% 17% 

N 27,106 22,643 22,643 12,096 
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                         PMM-Weight                                             Weight-PMM 
Age group (1=18-25, 2=26-35,3=36-45,4=46-55,5=56-65,6=66-75) 

 
Gender (0=males, 1=females)   

  
Education (1=Elementary, 2=Secondary, 3=Tertiary)   

 
 
Occupation (1=Manager, 2=Professionals, 3=Technicians, 4=Clerical, 5=Service sales, 
6=Agricultural, 7=Craft, trade, 8=Operators, 9=Elementary)  
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Figure 3.18: Boxplots of WI log-hourly wage by key sociodemographic features in the
PMM-Weight approach (left side) versus the Weight-PMM approach (right
side)
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age groups in the Weight-PMM compared to the PMM-Weight approach. Similar differ-

ences are also discernible in some occupation groups, although such differences are not

significant.

Regression Analysis

This section presents a series of linear regression models on log hourly wave for the original

2016 Dutch WI dataset, as well as the Weight-PMM, PMM-Weight, and sample matched

datasets. The analysis for Weight-PMM and PMM-Weight consists of three subsets for

each dataset – one unweighted, one using the sample-based weighting (SBW), and the

other using the population-based weighting (PBW). The analysis for the sample matched

dataset consists of two subsets – one unweighted and the other using the cross-sectional

weights from the 2016 EU-SILC Dutch data as described in section 3.4.6.1. The control

variables in the models are age groups, gender, employment status, education, occupation,

and urbanicity. The missing categories of the variables are excluded in the analysis for the

original WI dataset. Results from the regression models are exhibited in figure 3.19 .

Looking first at the results for the dataset using sample matching, we find that some

variables for both the unweighted and weighted versions present opposite effects as com-

pared to the propensity- adjusted approaches and the original complete case WI dataset.

This is particularly discernible in the case of employment and education. There is also

a relatively much larger pay gap between managers and professionals. Overall, PMM-

Weight and Weight-PMM when using the weights in the analysis display similar results

in terms of patterns and effect sizes of variables. For these two approaches, sample-based

weighting (SBW) and population-based weighting (PBW) also produced generally similar

results and there seemed to be little difference on whether we impute first and then weight

(PMM-Weight) or we weight first and then impute (Weight-PMM). The PMM-Weight

and Weight-PMM approach show similar signs and significance levels of the effect size to

the original complete case WI dataset and therefore appear more ’stable’ compared to the

sample matching approach.

3.4.7.2 Gender Pay Gap

This section presents the results of the Blinder-Oaxaca decomposition analysis based on

the original complete-case 2016 Dutch WI data and the three datasets constructed from

Weight-PMM, PMM-Weight approaches showing unweighted, sample-based propensity

adjustment (SBW) and probability- based propensity adjustment (PBW), and the sample

matching approach for unweighted and weighted using the 2016 EU-SILC survey weights.

Figure 3.20 shows the results of the decomposition of the difference between log hourly

wage of men and women. The upper section of figure 3.20 exhibits the overall pay gaps

between men and women in the three datasets. In addition, the overall explained part

and the unexplained part are also expressed as a percentage of the difference between log

hourly wage of men and women. The subcomponents of the explained are displayed in

the lower section of the table. Other variables included in the analysis are age, education,

occupation, and urbanicity. As noted in section 3.4.6.4, since our analysis include both
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Figure 3.19: Regression results for log-hourly wage comparing Weight-PMM, PMM-
Weight and sample matching approaches (sample-based propensity adjust-
ment (SBW), population-based propensity adjustment (PBW)) (Significance
levels: *** < 0.01%, **< 1%, * < 5%)

 WI 
Origin

al 
  

Weight -PMM PMM-Weight  Sample Matching 

No 
weight 

SBW PBW No 
weight  

SBW PBW No 
weight  

EU-SILC 
weight 

Age: 18-25 (ref) 

26-35 
0.372 

*** 
0.123 

*** 
0.183 

*** 
0.148 

*** 
0.200 

*** 
0190 
*** 

0.190 
*** 

0.511 
*** 

0.499 
*** 

36-45 
0.526 

*** 
0.311 

*** 
0.311 

*** 
0.282 

*** 
0.386 

*** 
0.381 

*** 
0.381 

*** 
0.602 

*** 
0.509 

*** 

46-55 
0.538 

*** 
0.333 

*** 
0.339 

*** 
0.346 

*** 
0.520 

*** 
0.501 

*** 
0.501 

*** 
0.703 

*** 
0.687 

*** 

56-65 
0.571 

*** 
0.390 

*** 
0.391 

*** 
0.395 

*** 
0.631 

*** 
0.619 

*** 
0.618 

*** 
0.682 

*** 
0.656 

*** 

66-75 
0.343 

* 
0.365 

*** 
0.365 

*** 
0.385 

*** 
0.610 

*** 
0.680 

** 
0.676 

*** 
0.579 

*** 
0.550 

*** 

Sex: Male (ref) 

Female 
-0.112 

** 
-0.191 

*** 
-0.195 

*** 
-0.185 

*** 
-0.123 

*** 
-0.132 

*** 
-0.132 

*** 
-0.255 

*** 
-0.280 

*** 

Employee: No (ref) 

Yes 
-0.121 -0.078 -0.078 -0.061 -0.081 -0.056 -0.058 0.224 

*** 
0.212 

*** 

Education: Elementary (ref) 

Secondary  
0.111 

** 
0.135 

** 
0.136 

** 
0.169 

*** 
0.176 

*** 
0.158 

*** 
0.157 

*** 
0.139 0.121 

Tertiary 
0.301 

*** 
0.309 

*** 
0.309 

*** 
0.332 

*** 
0.339 

*** 
0.330 

*** 
0.328 

*** 
0.076 0.090 

Major ISCO: Managers (ref) 

Profes-
sionals 

-0.054 -0.178 
*** 

-0.109 -0.100 -0.059 
* 

-0.049 
* 

-0.052 
* 

-0.390 
*** 

-0.386 
*** 

Techni-
cians  

-0.117 
*** 

-0.221 
*** 

-0.230 
*** 

-0.210 
*** 

-0.145 
*** 

-0.136 
*** 

-0.137 
*** 

0.131
*** 

0.133*** 

Clerical 
-0.333 

*** 
-0.390 

*** 
-0.390 

*** 
-0.310 

*** 
-0.239 

*** 
-0.238 

*** 
-0.240 

*** 
-0.419 

*** 
-0.410 

*** 
Service/ 
sales 

-0.487 
*** 

-0.510 
*** 

-0.511 
*** 

-0.414 
*** 

-0.317 
*** 

-0.322 
*** 

-0.323 
*** 

-0.248 
*** 

-0.229 
*** 

Skilled 
worker 

-0.501 
*** 

-0.440 
*** 

-0.440 
*** 

-0.350 
*** 

-0.328 
*** 

-0.366 
*** 

-0.350 
*** 

-0.298 
*** 

-0.280 
*** 

Craft and 
trade 

-0.348 
*** 

-0.530 
*** 

-0.530 
*** 

-0.489 
*** 

-0.357 
*** 

-0.346 
*** 

-0.347 
*** 

-0.249 
*** 

-0.239 
*** 

Operators 
-0.443 

*** 
-0.542 

*** 
-0.547 

*** 
-0.483 

*** 
-0.403 

*** 
-0.393 

*** 
-0.396 

*** 
-0.074 -0.075 

Elemen-
tary  

-0.800 
*** 

-0.749 
*** 

-0.755 
*** 

-0.670 
*** 

-0.558 
*** 

-0.555 
*** 

-0.556 
*** 

-0.132 
* 

-0.133 
* 

Urbanicity: Large cities (ref) 

Other 
cities 

0.038 -0.022 -0.052 
*** 

-0.053 
*** 

-0.032 
** 

-0.025 
* 

-0.026 
* 

0.111 0.034 

Rural area 
0.156 -0.018 -0.057 

*** 
-0.054 

*** 
-0.061 

*** 
-0.051 

** 
-0.051 

** 
-0.201 

* 
-0.123 

Constant 
2.271 

*** 
2.019 

*** 
2.166 

*** 
2.221 

*** 
2.558 

*** 
2.548 

*** 
2.554 

*** 
2.019 

*** 
1.975 

*** 

N 9,489 22,643 22,643 12,096 
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Figure 3.20: Blinder-Oaxaca decomposition of Gender Pay Gap with adjusted selection
bias for men and women based on log-hourly wage comparing Weight-PMM,
PMM-Weight and sample matching approaches (sample-based propensity ad-
justment (SBW), population-based propensity adjustment (PBW)) (Signifi-
cance levels: *** < 0.01%, **< 1%, * < 5%)

 

 

Origi-
nal WI  

Weight-PMM PMM-Weight Sample 
Matching 

No 
weights 

com-
plete 
case 

No 
weights 

SBW PBW No 
weights 

SBW PBW No 
weights 

EU-
SILC 

weight 

Overall  

Male 2.67 2.92 3.19 3.16 2.71 3.13 3.12 2.73 2.72 

Female 2.43 2.57 2.67 2.70 2.44 2.62 2.62 2.71 2.61 

Differ-
ence 

0.24* 0.35*** 0.52*** 0.46*** 0.27** 0.51*** 0.50*** 0.02 0.11 

Total 
gap in 
logged 
hourly 
income
% 

9% 14% 19% 18% 11% 16% 16% 1% 4% 

Ex-
plained
% 

7% 12% 29% 27% 11% 35% 34% 1% 3% 

Unex-
plained
% 

93% 88% 71% 73% 89% 65% 66% 99% 97% 

Detailed composition % of the explained gap 

Age 1% 4% 17% 18% 1% 11% 13% -3% -2% 

Edu-
cation  

33%  42% 32% 36% 44% 28% 27% 43% 41% 

Occu-
pation 

62% 53% 42% 40% 49% 50% 53% 63% 65% 

Urban-
icity 

4% 1% 8% 7% 5% 10% 7% -3% -4% 

N 9,489 22,643 22,643 12,096 
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employees and self-employed, the decomposition model is integrated with and adjusted

for the Heckman’s selection model in Stata to correct for self-choice in the labour market.

The proportions of the overall explained part (positive or negative) and the unexplained

part sum up to 100%.

All models displayed in figure 3.20 suggest pay gaps between men and women and that

the differences in average characteristics between male and female workers are in favour

of men, With regard to the size of GPG, the gaps detected in the original complete-case

WI data and the sample matching approach appear to be smaller than those detected

in Weight-PMM and PMM-Weight approaches. In particular, there is only a 4% gap in

the sample matching approach using the weights from the 2016 EU-SILC data and this

is not significant. There is a 9% gap in the original complete-case WI data and this is

slightly significant. The differences in overall GPG in Weight-PMM and PMM-Weight

show larger gaps in both unweighted and weighted models where using the weights in the

analysis increases the size of GPG in the model to 18% for Weight-PMM and 16% PMM-

Weight using the population-based propensity adjustment (PBW). Note that these results

are also highly significant and in addition, the gaps are approximately at the expected

levels from other studies (see section 3.4.4).

The overall explained part - calculated as the weighted average of the overall explained

parts from the covariates in the lower half of the table - is 7% in the original complete-

case WI dataset. This means that only 7% of the difference between log hourly earnings

of men and women can be attributed to the difference in average characteristics (i.e.

age, education, occupation, and urbanicity) between male and female workers that is in

favour of men. The lower section of figure 3.20 shows that the explained part of GPG in

the original complete-case WI data is mostly driven by two explanatory factors, namely,

education and occupation, which attribute 33% and 62% respectively to the difference

between log hourly wage of men and women. The explanatory power of age and urbanicity

is comparatively much weaker. The pattern in the sample matching approach using the

EU-SILC weights have an overall explained part of only 3% and the effects of education

and occupation are even stronger (41% and 65% respectively) with negative effects for

age and urbanicity. For the Weight-PMM and PMM-Weight approaches and using the

probability-based propensity adjustment (PBW) the overall explained part is 27% and

34% respectively. In general, for these approaches, there are less effects from education and

occupation compared to the original complete-case WI and sample matching approaches,

and more of an effect from age and urbanicity. In summary, the results from the Blinder-

Oaxaca decomposition model under the Weight-PMM and PMM-Weight approaches are

closer to other studies on GPG in the Netherlands (See section 3.4.4), although we note

that the results of this model in figure 3.20 are dependent on the explanatory variables

that we have available.
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3.4.8 Conclusions

A key question that we asked at the start of the paper is whether the combination of

imputation and weighting adjustment techniques would help improve the reliability and

representativeness of content analysis based on a non-probability web survey like the WI.

According to a number of studies using representative microdata from Eurostat (e.g. Struc-

ture of Earnings Survey) and OECD, the estimated GPG in the Netherlands was between

14% to 16% in the years 2015 and 2016 (Borbély, 2016; Leythienne and Ronkowski, 2018;

Palen and Ronkowski, 2018). Results in figure 3.20 suggest that GPG in the analyses using

the Weight-PMM and PMM-Weight datasets are much closer to the estimates presented

in previous studies, while GPG in the original complete-case WI data and the sample

matching approach appear to be much smaller. It is also noteworthy that the gap revealed

in the PMM-Weight approach is relatively smaller than that revealed in the Weight-PMM

approach (16% vs 18% respectively under the population-based propensity adjustment

(PBW)).

Moreover, it is noteworthy that the explained part in our analyses is in general smaller as

compared to previous studies (e.g. Boll and Lagemann, 2018; Leythienne and Ronkowski,

2018). These studies suggested that around 45% to 55% of GPG in the Netherlands can

be explained by a number of personal and labour market characteristics during 2014 to

2016 including economic activities, working time and enterprise size. We were limited in

our study to the four variables based on age, education, occupation and urbanicity and

this showed 27% explained under the Weight-PMM and 34% explained under the PMM-

Weight using the PBW adjustment. Importantly, the contrasts between results in this

study and results in the reference studies are not unexpected since we have used only a

few explanatory variables. The explained part would be very likely to grow had we taken

other factors into account.

In the lower part of figure 3.20 where decompositions were displayed, we have noted that

education and occupation appear to be two important explanatory variables in the models.

While these two factors were also found to be prominent driving factors of GPG in many

EU nations, education was not found as a significant contributor of explained GPG in

the Dutch context. For example, the work of Leythienne and Ronkowski (2018) shows

that education contributes −0.4% of an overall 7.9% of explained GPG in the 2014 Dutch

sample of the Structure of Earnings Survey. In addition to occupation, age was also

presented as a explanatory variable of some significance, as it was shown to cover around

12% of explained GPG in previous studies (Boll and Lagemann, 2018; Leythienne and

Ronkowski, 2018). The results from Blinder-Oaxaca model are closer to this estimation

whenWeight-PMM and PMM-Weight approaches were used. Again, the contrasts between

the effects of explanatory variables are largely resulted from the number and type of

variables we initially chose.

In summary, from this case study of measuring the 2016 GPG for the Netherlands based

on the 2016 WI non-probability web survey, we provide important lessons on how to

improve the reliability of non-probability online data collection for carrying out general
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inference. We showed that the approaches of predictive mean matching and the robust

estimation of propensity scores performed the best in both the simulation study and in

the WI dataset. We demonstrate that choosing a probability-based reference sample and

applying the robust estimation for propensity score calculations according to Chen, Li, and

Wu (2019) with benchmarking on the inverse propensity scores to produce final weight

adjustments, can be used to overcome potential biases in a nonprobability sample. We also

demonstrated that sample matching did not produce credible results for this application.

We also show two approaches for carrying out imputations of item missing data: impute

after the weighting adjustments and include the weight variable as a covariate in the

imputation model; impute missing data within the nonprobability sample to obtain a

complete dataset and then carry out the weighting adjustments. The approaches provide

similar results albeit there is smaller variation in the impute-weight approach as it is

typically based on a single imputation. The important conclusion is that we have shown

evidence that we must undertake robust methods to improve the reliability of a non-

probability web survey before undertaking statistical analyses, otherwise we can obtain

severely biased results.

90



4 Conclusion

Sound methodological strategies are necessary to deal with the particular imperfections

and errors that likely occur in context of the increasing use of non-probability samples

in academic and applied research as well as official statistics. This report provides a

summarizing overview of the challenges posed by non-probability sampling as well as the

methods and conditions which allow to overcome these challenges.

The main difficulty with non-probability samples is that the selection process is neither

entirely known nor controlled by the researchers gathering and analysing the resulting

data. While known and strictly positive inclusion probabilities can be used in classical

probability sampling to account for arbitrary sampling mechanisms, this is not possible

under non-probability sampling.

As a consequence, additional assumptions and external information are almost generally

applied to account for non-probability sample selection. These assumptions and corre-

sponding statistical methods can be partitioned into two broader paradigms. Model-based

approaches use the non-probability sample to fit statistical or machine learning models

for the variables of interest. Estimation and inference are then based on the predic-

tion model in conjunction with the auxiliary variables’ distribution in the population or

a probability sample. Pseudo-design based methods use weighting techniques based on

which non-probability samples can be used just as classical probability samples. Although

often treated separately, there are also strategies that combine model- and pseudo-design

based approaches. Examples include weighted prediction models, joint models for sample

selection and variable(s) of interest as well as robust small-area estimates.

Treating a non-probability sample naively as a simple random sample yields severely biased

estimates. In contrast, all of the more refined methods allow for more reliable estimates by

reducing selection bias. However, there is no uniquely ideal method suitable for all cases

of non-probability sampling. The most appropriate method has to be chosen and specified

with respect to the actual case of non-probability sampling. When estimating univari-

ate and linear statistics like means or totals, model-based approaches can be valuable.

However, these methods are typically implemented such that any residual (co-)variance

components are ignored. Unless these components are considered more specifically, e.g.

in multiple imputation methods, pseudo-design based approaches appear more valuable

when non-linear and/or multivariate statistics are of interest.

However, all of the methods heavily depend on conditional independence assumptions.

These assumptions state that any dependency between sample inclusion and the variable

of interest needs to be explained by the auxiliary variables that are used for weighting or

prediction. Obtaining reliable estimates from a non-probability sample, therefore, requires

identifying and measuring the relevant auxiliary variables that help to fulfil these assump-
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tions. To that end, statistical as well as applied researchers need to thoroughly evaluate

the forces that drive each and every particular non-probability sampling process. Since ex-

ternal and unbiased information about these auxiliary variables is required, a combination

and joint usage of classical probability and upcoming non-probability data sources appears

to be the most appropriate strategy to obtain meaningful estimates. This is particularly

relevant when using new digital and big data sources, which most commonly constitute

cases of non-probability sampling. Especially in context of big data, further important

current research topics include improvements in terms of data storage and computability

of estimates and models. Future research should, thus, focus on combining and integrat-

ing the methods discussed in this report with these research topics in big data to foster a

coherent methodology that makes use of these important an upcoming data sources in a

sound and reliable manner.
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